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Motivations and General Introduction
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Radar and Imaging Sensors
RADAR = RAdio Detection And Ranging

e emits and receives electromagnetic waves,

e detects the presence of targets,

v )

Detection maps ISAR Image SAR Image SAR Classification

but also: estimates parameters (range, radial velocity, angles of presentation, acceleration, amplitude (related to Radar
Cross Section), etc.),

e images, classifies, recognizes.

Note: Almost all the conventional Statistical Signal Processing methodologies and background
modelling tools are based on Gaussian hypothesis (standard conditions). J
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Radar and Imaging Sensors - New challenges

Positioning: facing the new conditions

e Complex Environments: ground, dynamic environments (sea, ionosphere), heterogeneous, non-Gaussian, reverberating.

e Complex targets: small RCS, extended targets, fluctuating, dispersive, anisotropic.
e Sensor Diversity: temporal, spatial, polarimetric, interferometric, spectral.

e Improvement of sensor resolution: spatial, spectral, angular.

o Outliers, jamming

e Increase of the dimension and the size of signals to analyze.

Non-Gaussianity élévation 30°

res < 0.5m

@ONERA SETHI

Sous-bande 3
Heterogeneous Non-Gaussian Non-Stationary Targets
Environments Environments and Environments

ous-bande 1

Recherche e Recherche M2R
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Motivations and General Introduction
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Applicative Context

Air, ground, sea Surveillance
¢ Radar Detection, Space-Time Adaptive Processing
¢ Synthetic Aperture Radar

@ Sources Localization

¢ Interferometric, Polarimetric Classification

@ Change Detection, Infrastructure Monitoring

<A ly Detection in Hyperspi I Imagi

y
¢ MIMO Radar
¢ Tracking

Recherche

Big Data

¢ Recognition

¢ Classification, Clustering

¢ Dimension Reduction

¢ Machine Learning, Deep Learning
@ Graphes Analysis

¢ Learning Techniques

re Recherche M2R ATSI

Finance

¢ Time Series

¢ Portofolio Optimization
¢ Risk Management

¢ Classification

¢ Prediction
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Motivations and General Introduction
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Methodological Context

Goals: Impro t of sensors performance and t

e To model thanks statistics the variability of the unknown environment and data,

e To estimate the spectral properties of the environment (ionosphere, sea, wind through forest, etc.),
e To elaborate estimators and detectors that are robust and adaptive to these environments,
e To regulate the False Alarm on these heterogeneous, non-stationary, non-Gaussian environments,

e To improve the classification, the clustering techniques.
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Methodological Context

Goals: Impro t of sensors performance and t

e To model thanks statistics the variability of the unknown environment and data,

e To estimate the spectral properties of the environment (ionosphere, sea, wind through forest, etc.),
e To elaborate estimators and detectors that are robust and adaptive to these environments,
e To regulate the False Alarm on these heterogeneous, non-stationary, non-Gaussian environments,

e To improve the classification, the clustering techniques.

Methods: Statistical Signal Processing

e Robust Estimation Techniques of spectral and statistic characteristics of the environment and targets: adaptivity,
statistic learning, cognitive, maximal exploitation of the a priori,

e Optimal Detection Schemes (Likelihood, Bayesian) for stealthy target embedded in these complex environments,

e Exploitation of emerging statistical Signal Processing techniques: Time-Frequency Analysis, Random Matrix Theory,
Clustering, Compressive Sensing, etc.

V.
Special issue: M. S. Greco et al., Introduction to the Issue on Advanced Signal Processing Techniques for Radar Applications,
IEEE Journal of Selected Topics in Signal Processing, 2015.
Book: M. S. Greco and A. De Maio, Modern Radar Detection Theory, Scitech Publishing, IET, 2015.
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Motivations and General Introduction Tutorial Description
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Tutorial Description

Survey on

e General statistical non-Gaussian modeling (Compound Gaussian, Spherically, Elliptically
random processes),

e Robust covariance matrix estimation schemes (MLE, M-estimators),
e Robust detection schemes (Adaptive Normalized Matched Filter).

2 Main Parts and 1 Annex

e Part A: Background on Statistical Processing for Radar, Array Processing, SAR and
Hyperspectral Imaging,

e Part B: Recent Methodologies on Robust Estimation and Detection in non-Gaussian
Environment - Applications and Results in Radar, STAP and Array Processing, SAR
Imaging, Hyperspectral Imaging.

e Annex: Robust Model Order Selection Using Random Matrix Theory.
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Contents

o Part A:
Background on Statistical Processing for Radar, Array Processing, SAR and Hyperspectral
Imaging,

e Part B:
Recent Methodologies on Robust Estimation and Detection in non-Gaussian Environment
- Applications and Results in Radar, STAP and Array Processing, SAR Imaging,
Hyperspectral Imaging

e Annex: Robust Model Order Selection Using Random Matrix Theory.
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Part A

Background on Statistical Processing for Radar,
Array Processing, SAR and Hyperspectral Imaging
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Part A: Contents

© Radar basis
© Conventional Radar and Imaging Processing
© Some Background on Detection Theory

@ Motivations for more robust detection schemes

e Recherche M2R ATSI - 9 anvier 2024 - re Recherche M2R ATSI - 9
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Outline

° Radar basis
@ Parameter Estimation
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Some Background on Detection Theory
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Conventional Radar and Imaging Processing
0O@0000000000000000 000000000000 O00000O000000

Parameter Estimation - Range Measurement

Electromagnetic wave propagates with speed light c¢. The two-way propagation delay up to the

Emitter 2
syncro

Receiver H - —

SCOPE PPI
(Panoramic Plane Indicator)

distance D is 7 = —
c

e Radar emitted signal: s.(t) = u(t) exp (2i 7 fy t) where fy is the carrier frequency, and u(.)

the baseband signal,
e Radar received signal: s,(t) = ase(t — 7) + b(t) where « is the backscattering amplitude

of the target and b(.) is an additive noise.

s(t) = ase <t — %) + b(t).

6/85 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 9 anvier 2024 - Séminaire Recherche M2R ATS
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Parameter Estimation - Velocity Measurement =

Let us consider an illuminated moving target located for time t at range D(t) = Dy + v t
where v is the radial target velocity.

If 7(t) is the two-way delay of the received signal at time t, the signal has been reflected at
time t — 7(t)/2 and the range D(t) has to verify the following equation:

CT(t):2D<t—?> .

Do+ vt . . .
222" 7" and the model relative to signal return is:

We obtain 7(t) = oy

cC—Vv 2D0

c+v c+v

s,(t):ase< > + b(t).

The moving target is characterized in the signal return by a time-shift-compression/dilation of
the emitted signal: action of Affine Group

ONERA
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Conventional Radar and Imaging Processing Some Background on Detection Theory
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Parameter Estimation - Velocity Measurement

Under the so-called narrow-band assumptions:
e fo >> B, where B is the bandwidth of baseband signal u(.),
o vI<g,
e 2B T << C/V,
— 2 D
C v ¢ (0]

c+v c+v

We have: s,(t) = ase( ) + b(t),

2 D 2
= aexp(iqﬁ)u(t—To) exp (27 fy t) exp <—2i7rvaot) + b(t).

s (t) =o' se (t - 2—(?0) exp (—2imfyt)+ b(t).

2
where |&/| = || and where fy = i fo is called the Doppler frequency corresponding to
c

moving target. The moving target is so characterized in the signal return by a
time-shift/frequency shift of the emitted signal: action of Heisenberg Group

8/85 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 9 anvier 2024 - Séminaire Recherche M2R ATS
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Doppler Effect

Equation du Doppler
La fréquence Doppler est égale a la variation de d (distance) exprimée en longueurs d'onde
fi=- lﬁ d=2R fr=- 2 .‘,ﬂf f, fréquence Doppler,
i a ‘A SR/5t = V vitesse relative entre
le radar et la cible,
ﬁ,‘ & _Z_K A porteuse transmise.
Wi ¢ V= Vg +V;

Retour d'un écho de sol
- =V,
Vo D %
Vitesse relative de .-~
Vrcosn deux avions _.~"
Vqcosn.cos& “ -~ B
Vitesse relative du sol +m V=Vi-V,

V, =V, cosn.cose

Recherche M2R ATSI
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Distance criterion - Ambiguity function and Matched |

One of the most important problem arising in radar theory is to separate targets in range and
Doppler spaces. A £2(R) distance R between two signals X and Y can be defined:

+o00

R? :/ X(8) — Y(£) de.
—0o0

Minimizing this distance leads to maximize the inner product between X and Y (also known as

Matched Filter):

+o0
/ X(£) Y*(t) dt .
According to the physical transformation of X, we obtain the so-called Ambiguity functions

[Woodward 53, Kelly 65].
+o0
o Bxample: Y(t) = X(t — 1) 7 Alrv) = [ X(E)X*(t - ) et g,

T e
o Example: Y(t) = =X (a~ 't —b)): A(a,b) = 7 [ X(t)X* (a7t — b)) dt.

ONERA
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Link with the so-called Matched Filter and Pulse Compre

Goal: a) A matched filter is a filter used in communications to “match” a particular transit
waveform. b) To optimize the design of the filter so as to minimize the effects of noise at the
filter output and improve the detection of the pulse signal.

@ A basic problem that often arises in the study of communication systems is that of
detecting a pulse transmitted over a channel that is corrupted by channel noise (i.e.
AWGN)

@ Let us consider a received model, involving a linear time-invariant (LTI) filter of impulse
response h(t). The filter input x(t) consists of a pulse signal g(t) corrupted by additive
channel noise w(t) of zero mean and power spectral density Ny/2. The resulting output
y(t) is composed of go(t) and n(t), the signal and noise components of the input x(t),

, x(t) = g(t) + w(t),
: <t <
respectively: { y(t) = g(t) + n(t) foro<t<T
Signal X(t) OIS U)
o) Sample at
White noise Linear receiver time t=T

w(t)

1 1/85 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 9 anvier 2024 - Séminaire Recherche M2R ATS e ——— m



Conventional Radar and Imaging Processing Some Background on Detection Theory
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Link with the so-called Matched Filter and Pulse Com

|g0(T)|2 _ |go( T)|2
% E[m(1)]

power of the filtered signal, g(t) at point t = T, and o2 is the variance of the zero mean white
Gaussian filtered noise (the signal is sampled at t = T to have the max power of the filtered

2
/ G(f) H()e/*™ df
Ro(7) = / No |H(F))? ™™ df. We have:

Signal to noise ratio is: SNR =

where |go(T)|? is the instantaneous

signal). We have: |g0(t)\2 =

and 02 = E [n(t)] = Ra(0) where

2

‘ / G(f)e> T df
SNR =

/|H ()| df

The equality holds only for H(f) = k G*(f) e=2™T Vk € C, or h(t) = kg*(T —t) Il

< /|G(f ) df

12/85 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 9 anvier 2024 - Séminaire Recherche M2R ATS ——‘o N ',E,,R,A



Conventional Radar and Imaging Processing Some Background on Detection Theory
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Range resolution

Let us suppose N targets with amplitude {a,-}ie[l’,v] located in range space at distance

{a- <2

> }ie[l’N]. The received signal s,(t) is:

N N
s() =Y aise(t —7) 2L 5(F) =Y i Se(f)e 20
i=1

i=1
The radar processing leads to evaluate for all 7, the following expression:

—0o0

“+o00 N 400
R(7) = / s(t)si(t—7)dt = R(7) = Za;/ 1So(F)]? 2 (=7 gf .
i=1 —oo

N
e When S.(f) =1 for f €] — o0, +o0[, R(7) = Za,- T — i),
i=1

N .
e When S,(f) = 1for f € [~B/2,+B/2], R(r) = } o W

i=1
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Conventional Radar and Imaging Processing Some Background on Detection Theory
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Range resolution

Deux réflecteurs bien séparés en distance Deux réflecteurs presque indiscernables Deux réflecteurs non résolus
o[ ot et ol [ o e oo
Rigore itecios 1 Rigore ectos

o ™ o Reponse rfleceur 2 o Réponse rfleceur 2
H] 2 H
S orf H °
: H H
2 2 8
E o IR e
2 s =
2 $ $

Z z
H 5 S
$ oo $ $

3 3
H i £

s
* h : Dn’l‘llaim:idialx‘(m) : ’ ‘ o DB:\{IlrII:I i'XA"VIFi e oo Ddl:\%llnlilﬂll]‘;'m]vs e

(a) Distance réflecteurs : 4 m  (b) Distance réflecteurs : 13 cm (c) Distance réflecteurs : 12.5 cm.

(a la limite de résolution da = 12.5 cm)

The range resolution 6D (so-called Range Bin) is proportional to the inverse of the emitted
signal bandwidth B:

ONERA
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Conventional Radar and Imaging Processing Some Background on Detection Theory
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Velocity resolution

2
Let us suppose N targets with amplitude {O‘f}ie[l,N] with Doppler {y,- = fb} . The
i€l

received signal S,(f) is

N
r(f) = ZOZ,' Se(f — V,') fot Za’ se 217r1/,
i=1

The radar processing leads to evaluate for all v, the foIIowing expression:
+o0 —f N +o0 )
RW)= [ SAnSI(F-v)dr RO =Y a0 [ s e e,
- i=1 -

The velocity resolution 0V (so-called Doppler Bin) is proportional to the inverse of the emitted
signal duration (or integration time) T:

c 1

V=" -
V=% T

ONERA
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Conventional Radar and Imaging Processing Some Background on Detection Theory
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Joint range and Velocity resolution

Let us suppose NV targets with amplitude {a;};c; v moving at velocity {vi};c; y; and located

in range space at distance {d,- = ﬂ} . The received signal S,(f) is:
2 Jien,m

N
Sr(t) = Z [e%i Se(t — 7',') e2iﬂui L
i=1
The radar processing (Matched Filter) leads to evaluate for all (7, v), the following expression:

—+o0
R(r,v) = / s (£)s5(t— )2V gt

This last equation is the superposition of the ambiguity functions [Rihaczek 1969] centered at
{7, vi)biepm

N
R(r,v) = ZO[,'A(T — TV — V).
i=1

85 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 9 anvier 2024 - Séminaire Recherche M2R ATSI =
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Rc-etard Retard

e Best radar waveforms are those which look like a thumbtack form (A(r,v) = §(7) §(v))
but they definitely don't exist :-)

e Range and Doppler sidelobes can be troublesome for high density targets detection
because of their superposition at different ranges and Doppler [Rihaczek 1969)].

varlez - Séminaire Re
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Conventional Radar and Imaging Processing Some Background on Detection Theory
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Link with Minimal Bounds (Cramer Rao bounds

o Let us define the second order moments (centered) of the signal

+oo +oo
02 = / t2 |so(t)]* dt ~ T2, 02 = / 2 |So(f)|* df ~ B? and the modulation index

—00

dt
and doppler accuracies are given by the following Cramer-Rao bounds [Kay 93, Kay 98]

o0
-1 Foo dS:(t) . . . . . 2
m= = Im tse(t) dt. Under white Gaussian noise with variance o*, range
T — 00

o? o2 o? 1
El(w—5)] = i = 1
[(V V)] 4m202 0202 — (m—tofy)? ~ 4m2a? o2’ (1)

2 2 2

o o o 1
E[(r—#%)? = ¢ > = 2
[(T T)] 42020202 — (m—tofy)? ~ 47202 02’ (2)

o? m—tyfy

Bl =00 -0= 20 2t —(m—to

e Radar uses to emit signal characterized with high time-bandwidth product B T.

ONERA
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Outline
° Radar basis

@ Noise and Clutter in Radar
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Conventional Radar and Imaging Processing Some Background on Detection Theory
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Noise and Clutter in Radar

Thermal noise

Thermal noise for most radars corresponds to additive complex white Gaussian noise
CN (0., 1) This noise is generated by electronic devices in radar receivers.

What is the clutter?

Clutter refers to radio frequency (RF) echoes returned from targets which are uninteresting to
the radar operators and interfere with the observation of useful signals.

Such targets include natural objects such as ground, sea, precipitations (rain, snow or hail),
sand storms, animals (especially birds), atmospheric turbulence, and other atmospheric effects,
such as ionosphere reflections and meteor trails.

Clutter may also be returned from man-made objects such as buildings and, intentionally, by
radar countermeasures such as chaff.

V.

A statistical model for the clutter is necessary: can we consider the clutter as Gaussian process,
non-Gaussian process, iid, correlated, stationary 7777

85 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 9 anvier 2024 - Séminaire Recherche M2R
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Noise and Clutter in Radar

Example of clutter map for different azimuth resolutions

resolution 3° resolution 1°

Recherche Recherche M2R ATS! SMERA
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Some Background on Detection Theory
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The Power Spectral Density ®(f) characterizes, in a given range bin, the Spectral (Doppler)
fluctuations of a process z = (2, ..., zn_1)" collected from pulse to pulse.

L S S S B B B B B B N B

Forested Cell Range Res. = 15m e Examples of some PSD models:
2582 m, 235° Pol. = Horizontal
o PRI=2ms = ( £ £ )2 ®
Windy Day — Ic 0
17 April = _ =
10 kn, 340° a ¢(f) ¢0 exp ( 2 2 ) (D(f)
Gusts to 20 kn X-Band f

o A"’
| 1+ (E)
J where —1/(2T,) < f <1/(2T;) (or =X/(4T,) < v < X/(4T})).

Gaim Day e Autocorrelation function (Wiener-Khintchine Theorem):
25 April —

-20

RCS (dBsm)

+oo
p(T) = / O(f) exp (2iw fr)df.

oo

e Covariance Matrix:

P R B p(0) o p((m=1)T))
2 4 0 1 2 H
Doppler Velocity (m/s) r=E [zz ] = : .. :
FicuRe 4.23 Power spectra of X-band radar returns from windblown trecs. p((m=1)T,) ... p(0)

[Billingsley 1993
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Outline

Q Conventional Radar and Imaging Processing
@ Range-Doppler Radar Processing
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Range-Doppler Radar Processing

e The cross-correlation operation is closely related to the so-called Matched Filter (filter
which maximizes the SNR at its output). This is also known as the pulse compression
processing. This matched filter offers the gain B T on the noise power o2 (SNR
improvement),

e The Doppler resolution is inversely proportional to the integration time. For monostatic
radar (both emission and reception on the same antenna), radar prefers to cut off this long
integration time into m pulses of duration T with Pulse Repetition Frequency (PRF)

F, =1/ T, (total integration time m T,):

—1

s(t) = se(t—kT,).

0

Considering the signal return s,(t), the radar processing consists in evaluating:

3

»
Il

+o0 m—1 T, .
Ry = [ slnsi(e=n) e e = 3 e T [ Mo funn T) si(u—r) T,
0

n=0

— 00
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Range-Doppler Radar Processing

When supposing non migrating target (target stays in the same range bin durlng the duration

c

T of the pulse, i.e. BT < 2—) and neglecting the Doppler variation in the pulse, we can
%

rewrite the processing as:

m—1 T,
R(T,I/):Ze_Qi””"T'/ s(u+nT, +7)si(u)du=p"z,
n=0 0
zp(7)
where z = (zo(7), 21(7), - - -, Zm—1(7)) " and p = (1 e¥mv T gimv(m=1) T’)T

e 0 time kT,

swath swath swath

pulse 0 pulse 1
i o2

D4 1\ D2 D / D2 Dy / D2

20(T) 21(7) 2 (7)

pulse k H-

e For each range bin ¢7/2 (time T, can be sampled at resolution 67 = 1/B) on the range
support [Dy, D,] of the analyzed swath, compute z,(7) corresponding to the time
correlation between received signal and emitted pulse s.(t) at time n T,,

ONERA
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Range-Doppler Radar Processing

e For each range bin ¢7/2, compute the Discrete Fourier Transform over the m coefficients
{2n(7)} pe[o,m—1) to characterize Doppler spectrum in the domain v € [0,1/T,].
e For non fluctuating target, the coefficients {2,(7)},c(o »_1) are generally constant over

pulse train. This constant will be denoted by A in the following, A being the amplitude of
the target over the burst.

COCOEEECOO

]
F3
g

M0 W0 1000 100 1200 130
Viesse

Example of the so-called Range-Doppler map of the processing data.

\
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Range Doppler Radar Processing

e Coherent Doppler processing brings an improvement of m on the Doppler resolution with
regards to the one pulse processing (dv = 1/(m T,)) as well as a gain m in SNR.

e Range resolution does not change. Always related by the pulse bandwidth,

e Appearance of the range ambiguities at ranges ck T,/2,

e Appearance of the Doppler ambiguities at Doppler frequency k/T,.
Radar users have to choose the swath (range domain ¢ (k — 1) Tr/2 < d; < ck Tr/2) relative
the potential presence of targets and the Doppler support relative to the velocity of targets
(—c/(4Trfy) <vi < c/(4Trfy)).

Unfortunately, a large non-ambiguous swath and large non-ambiguous Doppler support cannot
be chosen simultaneously.

Range Velocity

c c
Resolution —— (depends on the signal) —————— (does not depend on signal)
2B 26 mT,
Ambiguity cTr <
2 20 T,

Characteristics of m pulses train with duration T, bandwidth B, PRF 1/ T, and carrier frequency fy
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Q Conventional Radar and Imaging Processing

@ Array Processing

Recherche ATSI - 9 anvier 2024 OMNERA




Radar basis Conventional Radar and Imaging Processing Some Background on Detection Theory

000000000000 000000 000000800000 00000000000 000000000000 000000000000O00000

Array Processing ,

Source locating in azimuth 6, at Doppler v and in range bin ¢ 7/2

If the radar receives signal on antenna array, each antenna is collecting s,(t) delayed by the
time shift T = nd sinf/c depending on its spatial position nd (n € [0, Ns]) on the array.
Supposing that the array is non-dispersive (Ns dsin << ¢/B) , the concatenated

Ns x m-observation vector y collected by the radar on the antenna array for a given range bin
c7/2 and Doppler v is then:

y=Ap® (1,62i7rﬂ3d5in9/€7.”7e2i7rfo(Ns—1)d sin0/c>T+b'

V.
Signal arrival
wavefront
dsinf
b
P4 0.
—— d— dsin 6
T=
c
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Q Conventional Radar and Imaging Processing

@ STAP Processing
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Space Time Adaptive Processing

aN-8EaM
aLTITURE- CLUTTER Revon
& one il
5> | CLCSING SIDELOBE
vr i | CLUTTER REGION
. opENNG . oPEnms |
= e
ey i 5 .
Elevation : w I e | S | ctoses cuurres
Azimuth bin i 8 i
i H DISCRETE
E ! TARGET
H * FREGUENCY —
T fo fottus fotl, fottugtfy
Range bins 2vy
2 - Tt cos ¥ g = 0S¥,
— 2 v
Teomar' 3 s vy

Goal: with a moving radar antenna array, detect targets embedded in ground
clutter echos [Ward 1998]
@ the radar collects strong ground clutter echos in the same angular domain as targets to
detect.
@ the spectral Doppler spread can be important
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Data Collected in the Array

Antennas
v
Output x(t)) xalt) - aw(ty)
T
\v4 X(1j) = () xat)) - xilty) - xn(1)]
|
[[Tpuise ][ 2pulse | 3pulse |- - - { Mpuise | data collected in MNx1 data vector with
W xlt)  wa=7) x(-2%) x(;—(M-1DT) period Tr in the range bin j
,
ol
./ [ 1pulse ][ 2pulse | 3pulse |- - - { Mpulse |
B wll-T) wG-20) w- (M=) x(1))
x(’l T;)
,
" [Toulse |- Zoulse ]{ Spuso J- - - { Wpuise] |:> X, = x(tf—kT,)
W x(t) x(t=T) x(=21)  x(t— (M= 1)T) :
| X(t;—(M-1)T;)
[ Tpuse |—[ Zpulse [ 3puse ]- - - - Mpubse ]
aw(ty)  awlti=T)  xn(t;=2T) xu(tj— (M= 1)T;)
L Range Bms
4 Data collection on L range bins
g ’
5
o
= thR:mge Bin
MPulses
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Joint Use of the Temporal and Spatial Dimension

Use of the difference march for a source localized in the direction 9

propagation delay s(,)
second // nu(t) 2‘1" in6
—2ind sin
senoc E / plane x(t)) e
clement - wavefront x(t)) 3 s(t)) : (t;) ay(0)
x(t) = = s(t; b M =s(t;
\ reference first ’ xi(t)) I e 2ink—1)ssind N
sensor element H

xn(t)) ¢—2i(N—1)4sind

(=) |-— a ——|(x)

A . 2v . Lo .
Use of the relative Doppler f; = n sin@ between the sensors and the target for all the period of repetition Tr

(1= KT) = x(t) e 24 VAT = s(1) a (0) e 2414

x(t;) ay(0) @ 1

x(t; = T,) ay(0)e 2T el
X; = x(t, N KTy = s(t;) an(0) e-tine-npar, | =5(t) | camenpr | ©an(0) = s(t;) by (fa) ® ay(6)
x(t; — (J\} -11) ay(6) E—z;'n(u—l)/dT, e—zln(g\}—l)/,ﬂ‘,

X, = s(tj) by (fa) ® an(0) = s(t;) a(é, fa)
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STAP Detection in the Clutter .
apa(bo, fyo) + X under H; hypothesis

EAYCE)
Detection Scheme in the j-th range bin: X; =
under Hy hypothesis

Clutter bins

[ ]
X
I

X, Z ek (fan) a(bk, fax) +n,
k=1
_2vT,2dsin0,  2dsinfy
f(d, k)= P \ =4 \ )
n is the thermal noise,

{ck} i1 n, the clutter amplitudes in direction 6y,

ag, bo, fq0 are the unknown target parameters.

The clutter X, is generally assumed to be Gaussian distributed with unknown
covariance matrix .

ONERA
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Q Conventional Radar and Imaging Processing

@ SAR Image Processing
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Background on SAR and Radar Imaging
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RAMSES Image

ONERA RAMSES Image

Radar Imaging [Mensa 81, Soumekh 94, 99] allows to build more and more complex images:
e Current use of very high spectral bandwidth and very high angular bandwidth leading to

very high spatial resolution,
e Application to monitoring (detection, change detection), classification, 3D reconstruction,

EM analysis, etc.

These applications require some physical diversity to reach good performances. )
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Multi-Channel SAR Images

Multi-channel SAR images automatically propose this diversity through:

e polarimetric channels (POLSAR), interferometric channels (INSAR), polarimetric and interferometric channels
(POLINSAR),

e multi-temporal, multi-passes SAR Image, etc.

Pauii Decomposition

Range X, meters

%0 a0 w0 a0
ross-range ¥, meters
EM behavior of the terrain Estimation of the height Analysis of the structures displacement in
in POLSAR images in POLINSAR images Shangai with multi-temporal SAR images
(@Telespazio)

Almost all the conventional techniques of detection, parameters estimation, speckle filtering
techniques, classification in multi-channel SAR images (e.g. polarimetric covariance matrix,
interferometric coherency matrix) are based on the multivariate statistic.
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SAR Processing

Trajectoire de vol
de Il'avion

i
i
i
i c
——t—
Transverse
o
&
L
o
&/

Ouverture synthetique 2L —»
émetteur/récepteur
radar

Goal of SAR Imaging: Invert the relation:

Sr(t,U)://Rz’(X,Y)se t‘%\/(xl—X)2+(Y1+u—y)2 dx dy
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Range Migration (RMA) SAR Processing Steps

s,(t,u):// ey (1= 2 \Joa =R+ (w27 aay,

2f
ot k="
c

Si(k, u) = Se(k) // I(x,y) exp (—2i7r k \/(Xl —xP2+ Y1 +u— y)2) dx dy,

F-1
u

ky )

=
Si(k, ky) = S // I(x,y) e><p —2im (Xl—x) —I<3+(Y1—y)ku)>d><dy7
" { ke = /K2 — k2

K, = ky

S (ky, ky) = Se(k) exp (—2i 7 ke X1 + ky Y1) // I(x,y) exp (2i 7 (ke x + ky y)) dx dy

ONERA
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Range Migration Algorithm Principle

Trajectoire de vol

u AN K, P
e i, e RN
o N it Y
andE?Y;:?:: crojssant
i W s e
08 o kr“ll“llll}bm
O E[ T [ [ | [*kufosp, [B ] "
[T ] [
Antenne R o] /] /] ] ]
émettrice / réceptrice /
ky = ksing N.C/\
_L S -
Ky = kcos 6 { - Support spectral du signal regu Sy (kz, ky)
Interpolation de Stolt Kok ey

@ conanitons o domnsesan domaine (1K= 2, )

e (i 55,)
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Conventional Principle of Radar/SAR Imaging

Conventional Fourier Imaging (laboratory, SAR, ISAR):

e Assumptions of white and isotropic bright points I\
S

e [t does not exploit the potential non-stationarities or il

diversities of the scatterers o

e Hypothesis of bright points modeling: all the scatterers localized in x and characterized by the complex spatial amplitude
2f
distribution /(x) have the same behavior for any wave vector k = — (cos 8, sin O)T. After some processing, the

backscattering coefficient H(k) acquired by the radar is simply related to the SAR image /(x) through:

H(k) = / I(x) exp (72 imk” x) dx .
Dx

e The SAR image /(x) is then obtained through the Inverse Fourier Transform:
1(x) :/ H(k) exp (2imk” x) dk.
Dy

With this model, all information relative to frequency f and angle 6 are lost. Hence, spectral and angular diversities are lost
[Bertrand 94, Ovarlez 17]. J
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Detection in SAR Images

Conventional SAR detection framework on a mono-channel SAR image mainly consists in
locally thesholding the complex amplitude of pixel x;:

H
e Global thresholding (Gaussian hypothesis): A = —02 log Pr,,  A(x;) = |x;|? 51 A,

0

e Adaptive thresholding (Gaussian hypothesis) on N pixels:

Ax))= —b 2\, A=N (P,;l/"’—l),

k#i H,

e Statistic-based thresholding (other distributions): A = f(Pg),  A(x:) = g(x;) Zl A
Ho

Adaptive multi-channels SAR detection framework can be extended with diversity contained in

the steering vector p (polarimetry, interferometry, sub-looks and sub-bands decomposition
[Mian 19]).
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Outline

Q Conventional Radar and Imaging Processing

@ Hyperspectral Image Processing
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Hyperspectral Imaging
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Hyperspectral Imaging

Reflectance

Spectal amension

Wavelength

e Anomaly Detection
To detect all that is "different" from the background (Mahalanobis distance) - No

information about the targets of interest available [Frontera 16].

e "Pure" Detection
To detect targets characterized by a given spectral signature p - Regulation of False Alarm
[Frontera-Pons 17].
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9 Some Background on Detection Theory
@ Problem Statement
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General Formulation of All the Detection Problems

Set of two binary hypotheses

HoZZ:b
Hy:z=Ap+b

, Where

e z is a m-vector of data collected in a given measurement support. It can be range support,
spatial support (Imaging), etc.

e The complex amplitude A of the target to detect is considered here deterministic (no
fluctuation)

e The m-vector b represents the additive noise (thermal noise, photon noise, clutter, jam,
etc.) characterized by a known (or unknown) PDF.

e The m-vector p represents the so-called deterministic steering vector: it can be relative to
Doppler, Polarimetry, Interferomety, Wavelength, Spatial, joint Angular and Spectral
information (STAP)

The problem here consists in choosing between H; hypothesis and Hy hypothesis.

ONERA
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Problem Statement

@ In a m-vector z, detecting an unknown complex deterministic signal s = Ap embedded in an
additive noise y can be written as the following statistical test:

Training et Coll Uner Tost Guard Cals
.

|

Hypothesis Hy: z =1y zi=y; i=1,...,n
Hypothesis Hi: z=s+4+y z =y, i=1,...,n |

N

£ ; ==
1 =
I —
T T

where the z;'s are n "signal-free" independent secondary data used to estimate the noise
parameters. = Neyman-Pearson criterion [Kay 93, Kay 98]

@ Detection test: comparison between the Likelihood Ratio A(z) and a detection threshold A:

p(z/Hy) N

N = ) &

@ Probability of False Alarm (type-l error): Pp = P(A(z) > \/Ho)
@ Probability of Detection: Py = P(A(z) > \/H:) for different Signal-to-Noise Ratios (SNR),
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Pd

Naiser T PFA for Threshold 1 1 PFAfor Threshold 2
Nosef reshol
4 Clutter M Claser
3 PFA
Target Detected Target 3 Targer
2 \ 2 A
' False s
Alarm ‘ Detection
Threshold
o o 8 N\ Missed o -
Power level T'rg.‘ (Tz) / Power level
a
Noser Tl PD for Threshold 1 T2 -— 12 PD for Threshold 2
4 Cluser - . Clutier
il Il R mn 'y RMS
3 Turget # | «~— Noise 3 Tueget
D v | Level o)
2 318 2
1 Range 1
o
0 max o max.
Power level Power level

P =P(A(z) > M/ Ho), Py =P(A(z) > A/ H1).
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0.7 \ T .
Noise Only

0.6 Noise Probability Density B Target Absent
2 0.5 Detection —
Z) Threshold
8 0.4 Probability of False Alarm ( Pg,)
2 Pg, = Prob{ threshold exceeded given target absent }
3 0.3 i.e. the chance that noise is called a (false) target
S We want Pg, to be very, very low!
]
a 0.2 _

0.1 =

0 \ | |
0 2 4 6 8

Voltage
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0.7 T T ]
Noise . .
- . Probability of Detection ( Pp)
0.6 Probability Density Pp = Prob{ threshold exceeded given target present }
2051 Detection | I-€- the chance that target is correctly detected
'2 ’ Threshold | We want P, to be near 1 (perfect)!
G 0.4 ]
2
503 Signal-Plus-Noise |
s Probability Density
[
S
a 0.2 _
p(x/H,)
041 Signal + Noise
0 | Target Present
o / 2 4 6 8

Probability of Voltage
False Alarm ( Pgp)
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0.7 ‘ T
Noise OnIy Courtesy of MIT Lincoln Laboratory
0.6 — Detection Threshold Used with permission ]
Pep=0.01

205 -]
]
c
804 Signal Plus Noise Signal Plus Noise —
2 SNR=10dB SNR =20 dB
503 P,=0.61 Py~1 _|
3
o
a 0.2 |

0.1 |

o k
0 5 10 15

Voltage

* P,increases with target SNR for a fixed threshold (P¢,)

* Raising threshold reduces false alarm rate and increases
SNR required for a specified Probability of Detection
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False Alarm Regulation Importance

a. threshold is set too high: Probability of Detection = 20%

b. threshold is set optimal: Probability of Detection = 80%
But one false alarm arises!
False alarm rate =1 /666 = 1,5 103

‘;:;réir&h WM[W{(L “{N 1’ c. threshold is set too low: a large number of false alarms arises!
¥ ik { b d. threshold is set variable: constant false-alarm rate

CFAR Property

A detector is said Constant False Alarm Rate (CFAR property) if the PDF of the test is
independent on the noise parameter (mean, covariance, variance, statistic) under Hy hypothesis.
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General Detection Theory

When some parameters (noise, target) are unknown:

e GLRT Detection test: comparison between the Generalized Likelihood Ratio A(z) and a
detection threshold A:
max max Pz/my (2,0, 1) 1
Nz) = - 2\,
max Pz/mo(Z, 1) Hy

where 0 and p represent respectively the unknown target parameter vector and the unknown
noise parameter vector.

CFAR Property

A GLRT detector is said Constant False Alarm Rate (CFAR property) if the PDF of the GLRT
test is independent on the noise parameter (mean, covariance, variance, statistic) under Hp
hypothesis.
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General Estimation Theory: unknown deterministic paran

e Maximum Likelihood Estimation (MLE) scheme: maximize the PDF with respect to the
unknown parameter. Ex for noise parameter u:

ﬁ’ = argmix pz/Ho(za /J’) .
where z; ~ CN (0, ) where X is

an unknown covariance matrix. The MLE g,, is set by solving

Example: Suppose n target-free i.i.d. m-vectors {z;},_; ,

5 . 5 _ N -
Eloggpz(zl',}:): ST (n Iog|}: 1} —ZZ,HZ 1z,-> =0.

i=1

(z,’-" ! z,-) = (z,- zf")T, we obtain:

. J 1 T
Recalling that —— log |X =X and
ing that ———7 log | =]

st
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9 Some Background on Detection Theory

@ Modeling Homogeneous Gaussian Noise/Clutter
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Hy: z=y zi=y; i=1,....n
Hi: z=s+y z;=y; i=1,....,n

where s = Ap, y and y; ~ CN (0, X), i.e. p,(z) = exp (—2" 7' 2)

1
T |Z|
Goal: to choose the best hypothesis while minimizing the risk of being wrong (False Alarm)
from an observation vector z

= All is known for Gaussian assumption!

N

Sample Covariance Matrix (SCM)

When X is unknown, the Gaussian environment is modeled through the SCM: §,, = EZZI zf".

\.

ONERA
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Properties of the SCM in homogeneous Gaussian noi

e Simple Covariance Matrix estimator,
@ Very tractable,
@ Wishart distributed,

@ Well-known statistical properties: unbiased and efficient.

Then, \/nvec (g,, - Z) NG (0,2,C,P),

C=(Z*®X)

where b (25 9 E) Ko

where K, m, is the m x m commutation matrix transforming any m-vector vec (A) into
vec (AT).
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Z

Under Gaussian assumptions CA/(0,, X), the Sample Covariance Matrix (SCM) is the most
likely covariance matrix estimate (MLE) and is the empirical mean of the cross-correlation of n

m-vectors zy:
~ 12 H
S,=- E zrz) .
n
k=1

@ This estimate is unbiased, efficient, Wishart distributed,
@ n can represent any samples support called the secondary data: in time, spatial, angular
domain, z, a vector of any information collected in any domain:
e in Radar Detection, it can represent the time returns collected in a given range bin of
interest, n is here the range bin support
e in Array Processing, it can represent the spatial information collected by the antenna array
at a given time, n is here the time support,
o in Space Time Adaptive Processing, it can represent the joint spatial and time information
collected in a given range bin of interest, n is here the range bin support,
e in SAR or Hyperspectral imaging, it can represent the polarimetric and/or interferometric,
or spectral information collected for a given pixel of the spatial image, n is here the spatial
support.
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9 Some Background on Detection Theory

@ Examples of Detector Derivations
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Example 1 - Detection Schemes in Gaussian Noise
Problem under study:

Hypothesis Hy: z=Db
Hypothesis H;: z=Ap+b,
where A # 0 is a known complex scalar amplitude, p is the known steering vector and

b ~ CN(0,,, X) with known covariance matrix X£. The probability density functions of the
received m-vector z under each hypothesis are given by:

)= o (257,
® pym(z,A) = Wm;|):| exp (—(z —A p)H Z_l(z —A p)) .
The Log-Likelihood function test log Z;:—Z(z) can be simplify as: A(z) = Re (p" £~ ' 2) %: A
The statistic of the test becomes:
N(z) ~ N (0,p" 7" p) under Hy |and
Nz) ~ N (Re (AFpHE ™ p),p" 7" p) under H;

ONERA
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Example 2 - Matched Filter

Problem under study:
Hypothesis Hy: z=b,
Hypothesis H;: z=Ap+b,
where A is unknown complex scalar amplitude, p is the known steering vector and
b ~ CN(0,,, X) with known covariance matrix X£. The probability density functions of the
received m-vector z under each hypothesis are given by:
1 _
L4 pz/Ho(Z) = am |z| exp (_ZHZ lz) )
1
™ X

® pym(z,A) = exp (—(z—Ap)H Z_l(z—Ap)) .

Hs—1

Maximizing p,/p, (z, A) with respect to A leads to the MLE A: A = % Replacing it in
P

the Log-Likelihood Ratio test, we obtain the well known Matched Filter:

mjx Pz/H, (2, A) |pH Z—lz|2 1;1 \
py(z)  pHE p A

Awir(z) = log
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Example 2 - Matched Filter - Derivation of Performan

Let SNR = |A]> p" 7' p be the Signal to Noise Ratio of the target to be detected.
1
Under Hy hypothesis, z ~ CN (0, ) and Ape(z) ~ §X2(2)- We have:

+oo
Pt = P (Amr(z) > Avr/Ho) = / e " du=exp(—AvF),

AmF

‘)\MF = —log P, .

Under Hy hypothesis, z ~ CN'(Ap, ) and Ayr(z, A) ~ %XZ (2,2 SNR). We have:

Py =P (/\MF(Z7 A) > )\MF/H1> =1-Fe@s (2AmF) ,

where F2(5 5)(.) is the cumulative x?(2,8) density function with non-centrality parameter
§=2SNR=2A2pHx1p.
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Example 3 - Normalized Matched Filter

Problem under study:
Hypothesis Hy: z=b,
Hypothesis H;: z=Ap+b,
where A is unknown complex scalar amplitude, p is the known steering vector and

b ~ CN(0,,, 0% X) with known covariance matrix X but unknown variance 0. The probability
density functions of the received m-vector z under each hypothesis are given by:

1 PAD X 1 (z—Ap)"E"1z— Ap)
¥z
o Maximizing p,/u, (2, 0) with respect to o2 leads to the MLE: 62 = ————.
m

o Maximizing p,/u, (2,02, A) with respect to 62 and with respect to A leads to the MLEs:
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Example 3 - Normalized Matched Filter

Replacing it in the Log-Likelihood Ratio test, we obtain the well known Normalized Matched

Filter:
max max pz/Hl(z,azA) |pH 51 z|2 Hy
Anmr(z) = log ~ = — —— 2 ANMF -
max py/hy(2,0°) (PPE7'p) (2HE'2) 1

We can note that the NMF is invariant with respect to a change scale for p, z or . Let
SNR = |A? p!! ¥ ! p be the Signal to Noise Ratio of the target to be detected. Under Hy
hypothesis, z ~ CN(0,,, 0% ) and A(z) ~ (1, m — 1). We have:

Pt = P (Anmr(2) > Awmr/Ho) = (1 — Amr)™

A=1-py/m Y,

We can note that the threshold Ayyr does not depend on unknown variance o2. The test is
CFAR under Hy hypothesis.
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MF and NMF Probability of Detection
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Example 4 - Kelly and Adaptive Matched Filter (1

Hypothesis Hy: z=b, zi=b;, i=1...,n,

Problem under study: { Hypothesis H;: z=Ap+b, z;=b;, i=1,...,n.

where the z;'s are n "signal-free" independent secondary data used to estimate the noise
parameters, where A is unknown complex scalar amplitude, p is the known steering vector and
b ~ CN(0,,, X) with unknown covariance matrix . The probability density function of the
received m-vector z under hypothesis Hy is given by:

1

n
_ o —1 H H
Pt 2 = gt o (1 (27 (224 L n

§ log|X~! str(X°'B
With formulas LJ =%" and r(—_l) =B", we obtain:
ox 0x

n
zz" + E 2,z

s P 5 0 ) ~
k=1

n+1
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Example 4 - Kelly and Adaptive Matched Filter

The probability density function of the received m-vector z under hypothesis H; is given by:

1 -1 H : H
pz,{zk}k,Z,A/Hl(Z) = WTIZI"H exp <—Tr (Z <(z —Ap) (z—Ap)" + sz zk>>> )

k=1
(z—Ap) (z—Ap)" +5

n
By denoting S = sz z}! we obtain argmax Pz {2}, E.A/H (2) = 1
and replacing thesé%o expressions in the Generalized Log Likekihood Gatio leads to:

|zzH+S| H
<

If we note z; = S~/2z and ps = S~/2p, we have:

(2= Ap) (z— AP)" + 5| = 18] |(2s — AP.) (2 = APS)" + 1| = IS] (ll2: — Apsl[* +1)

and min S| (||zs — Ap|I® + 1) =S| (HP#S zs||2 + 1) where P =1, — ps pf' /pf ps.
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Example 4 - Kelly and Adaptive Matched Filter

We obtain the following Generalized Likelihood Ratio test:

Az) = |ZZH+S} _ Ll+zlz 14+2"57 12 i ’2)\7
mAin|(zpr)(zpr)H+S| 1+2/P; 2z ’p”S*lz’ Ho
1+zHS—1z— s ip
which is known as the so-called Kelly's test [Kelly 86]:
|pH 5712}2 h - H
Akeny(z) = 7S 1p) (11275 17) 50 AKelly where S = Z 2,2 .
k=1

This detector has good properties but often (usually) replaced by a simpler one (so called two-step), the Adaptive Matched
Filter [Robey 92]:

A 2
’p” St z’ Hy 1 — "
AAMF(Z) = Hh—_l 2 )\AMF where S,—, = - E Zpz), .
PSPy n —

1
The covariance matrix estimate S,, = — S is the empirical covariance matrix of the secondary data {zk}keu ol and is called

Sample Covariance Matrix estimate. It corresponds to the Maximum Likelihood covariance matrix estimate under homogeneous
Gaussian hypothesis.
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Example 5 - Adaptive Normalized Matched Filter

Detection in quasi-homogeneous Gaussian Noise: Problem under study:
Hypothesis Hy: z=b, zi=b;, i=1,...,n,
Hypothesis H;: z=Ap+b, z;=b;, i=1,...,n,

where the z;'s are n "signal-free" independent secondary data used to estimate the noise
parameters, where A is unknown complex scalar amplitude, p is the known steering vector,
where b; ~ CN(0,,, X) and b ~ CN(0,,, 02 X) with unknown covariance matrix X and
unknown variance o2. The PDF under each hypothesis is given by [Bandiera 09]:

n
Hs-1 Hs—1
Texpl| -z X z—l—E P X PRI

Pzfz},x/Ho(2) = e ) | 2

1 z—Ap)"E1(z- Ap . _
am(ntl) g2m |z|n+1 exp _( ) o2 ( )+ZZQZ lzk

Pz,{z.},,%,0%,A/H, (Z) =
k=1

ONERA

71/85 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 9 anvier 2024 - Séminaire Recherche M2R ATS!




Radar basis Conventional Radar and Imaging Processing Some Background on Detection Theory

000000000000 000000 000000000000 O00000O000000 00000000000000000000000000e00

Example 5 - Adaptive Normalized Matched Filter

The corresponding detector [Scharf 94, Kraut 99] is homogeneous of degree 0 with the

A

variables p, S, and z and is named Adaptive Normalized Matched Filter (ANMF):

2
H&-1
‘P S Z‘ H: . 1 &
= ! < 21 >\ANMF where S,, = — sz Z,"j .
p* Sn_lp) (ZH SFIZ) Ho nia

Nanmr(z) =
(

ANMF and Cosine Estimate

This detector is often called Cosine Estimator as it has the dimension of a cosinus squared
between the steering vector p and the observation z. Unlike the AMF Filter which measures
the power of a scalar product, the ANMF measures an angle. It is therefore more sensible to a
possible mismatch between p and z.
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Outline

9 Some Background on Detection Theory

@ Synthesis of CFAR Detection Schemes Under Gaussian Noise
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Synthesis of CFAR Detection Schemes Under Gaussian

e Adaptive Matched Filter [Robey 92]: Aawr(z) = ‘,\7‘ 2 MAMF -

PSP Hy
) - DamF
Pp=Fi(n—m+1,n—m+2;n+1;— ,
n
~ 2
|pH ;1z| Hy
o Adaptive Kelly Filter [Kelly 86]: Akeny(z) = 2 Akelly

(p”gilp) (n+1”§;12) Ho

p ( 1 1) n+l—m
fa = = )
? AKelly

e Adaptive Normalized Matched Filter [Scharf 94, Kraut 99]:
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Outline

° Motivations for more robust detection schemes
@ Examples of Gaussian Hypothesis Failure
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Examples of Gaussian Hypothesis Failure

High Resolution Radars

e Small number of scatterers in the cell under test - Varying number of scatterers from cell to cell - Central Limit Theorem
non valid = non-Gaussianity [Jakeman 80]

e No validity of conventional tools based on Gaussian statistics [Farina 87, Gini 00, Jay 02]. )

Low-Grazing angles lllumination Radar

e Microshadowing = impulsive clutter [Billingsley 93]
e Transitions of clutter areas, heterogeneity of spatial area under test = difficulty to set up the detection test Ayt and the
Probability of False Alarm depending on the area. )

D Likelinood Ratio

) Thermal Noise T 6088 eovetcal twesnoia|  Impulsive Noise.

—— ainons
T G6D ewreton treshois
= Vot Carotvsshaa

Wotns St
ome T .
0%

. Lobing agr |- P
-

s

|
| Depression
Angle

Liketiood

|
g L

B

T OSS /
™ Microshadowing

SRR

ango ins’

Low-Grazing angle surveillance : oran ’ " aargent”
Non-Gaussian behavior False Alarm regulation problem

Please refer to [F. Gini, A. Farina and M. S. Greco 2001
Recherche anvier 2024

ONERA




Radar basis Conventional Radar and Imaging Processing Some Background on Detection Theory = (Motivations for more robust detection schemes

000000000000 000000 000000000000 O00000O000000 000000000000 000000000000O00000

Examples of Gaussian Hypothesis Failure

@ The SAR images are more and more complex, detailed, heterogeneous. The spatial statistic of
SAR images is not at all Gaussian,

@ In polarimetry research field, almost all Non-Coherent Polarimetric Decomposition and
classification techniques [Lee 09, Formont 2012] are generally based on conventional covariance
matrix estimate (covariance or coherency matrix), typically the Sample Covariance Matrix (SCM),
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Examples of Gaussian Hypothesis Failure

RXD CDF

0 100 F E]
§ 10! [ Cauchy 3
(] E
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o

B 8 102f
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8 —

Fo S 10 =" Mixed = -,
= gNormal -
REREE Nomal 1 RS e e

F(x2(144)) \
[ Grass /\\‘iﬂﬂ\ 3
1 | 1 1 | T t
L 0 100 200 300 400 500 600 700 800 900 1000
Mahalanobis Distance
4
DSO data 2010 [Manolakis 2002]

Bad regulation of False Alarm rate for Anomaly Detector [Reed 1990, Manolakis 2002, Ovarlez
2011, Frontera-Pons 2016] and detectors of targets [Frontera-Pons 2017] in Hyperspectral
Images when they are based on conventional SCM estimate.
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Outline

° Motivations for more robust detection schemes

@ Need of Better Approaches
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Need of Better Approaches

= Better Covariance Matrix Estimation

Requirements:

@ Background modeling: Compound Gaussian, SIRV (K-distribution, Weibull, etc.), CES
(Multidimensional Generalized Gaussian Distributions, etc.),

@ Estimation procedure: ML-based approaches, M-estimation, LS-based methods, etc.

@ Adaptive detectors derivation and adaptive performance evaluation.

Some solutions will be proposed in Part B
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End of Part A

Questions?
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@ Going to Robust Adaptive Detection
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Going to Robust Adaptive Detection

Generally, some parameters (e.g. second order statistic ) are unknown and cannot be estimated

through Gaussian methodology

= Robust Covariance Matrix Estimation

Requirements:
@ Background modeling: Spherically Invariant Random Vectors (K-distribution, Weibull, etc.)
[Conte 87, Barnard 96], Compound Gaussian [Conte 98, Sangston 12, 15], Complex Elliptically
Symmetric (Multidimensional Generalized Gaussian Distributions, etc.) [Kelker 70, Frahm 04],
@ Estimation procedure: ML-based approaches, M-estimation, etc.
@ Adaptive detectors derivation and adaptive performance evaluation.
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@ Modeling the Background
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Modeling the Background

Complex Elliptically Symmetric (CES) distributions:

Let z be a complex circular random vector of length m. z has a Complex Elliptically Symmetric (CES)
distribution (CE (u, X, g;)) if its PDF is [Mahot 12, Ollila 12].

g@)=n"|Z" h ((z2-p)" T (z-n)),

where h, : [0,00) — [0, 00) is the density generator, where p is the statistical mean (generally known
or = 0p) and X is the scatter matrix. In general, E [z zH] = o X where o is known.

@ Large class of distributions: Gaussian (h;(z) = exp(—z), SIRV, MGGD (h;(z) = exp (—z%)),
etc. Validated through several experimentations [Billingsley 93, Ovarlez 95, Ovarlez 96],

@ Closed under affine transformations (e.g. matched filter),

@ Stochastic representation theorem: |z =, 1 + RAuY |,

where the m-vector ul®) is uniformly distributed on the sphere of radius 1, where R > 0,
independent of u®) and £ = A A" is a factorization of X, where A € C™*¥ with k = rank(X).
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Modeling the Background

Spherically Invariant Random Vector: a CES subclass

The m-vector z is a complex Spherically Invariant Random Vector [Yao 73, Jay 02] if its PDF can be
put in the following form:

gz(z) _ ﬂ’mllz| ‘/0 Tim exp ((Z - ,U') 3> (Z — H)) P-r(T) dr, (1)

where p- : [0,00) — [0, 00) is the texture generator.

@ Large class of distributions: Gaussian (p-(7) = §(7 — 1)), K-distribution (p, gamma), Weibull
(no closed form), Student-t (p- inverse gamma), etc.
@ Main Gaussian Kernel: closed under affine transformations,

@ The texture random scalar 7 is modeling the variation of the power of the Gaussian vector x along
his support (e.g. heterogeneity of the noise along range bins, time, spectral, spatial domain, etc.),

@ Exploitation of the spectral information using the covariance matrix (scatter matrix) X,

, where 7 > 0 is the texture,

@ Stochastic representation theorem: ‘ z=gp+7TAX
independent of x and x ~ CN (0, I).
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Modeling the Background

Compound-Gaussian Distribution

It can be assumed here that the n available secondary data are such that zy = /7« xk where
xx ~ CN(0m, X) and where the textures {7« }«c[1,n are deterministic and unknown scalar variables to

be estimated.
(2) = 1 o Z2y—1z
&z, T ogm " |Z| P Tk ’

@ Conditionnally to the bin k, the observed vector x, is Gaussian-distributed, i.e.
2y ~ CN(0p, 7 X),

@ The covariance matrix represents the spectral distribution of the noise through the support k,

@ The deterministic texture scalar 7 is modeling the variation of the power of the Gaussian vector x
along his support (e.g. heterogeneity of the noise along range bins, time, spectral, spatial domain,
etc.).
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Estimating the Covariance/Scatter Matrix: Conventions

Assuming n available SIRV secondary data zx = /7« xk where x4 ~ CN(0m, ) and where 74 scalar
random variable.

@ The Sample Covariance Matrix (SCM) may be a poor estimate of the Elliptical /SIRV
Scatter/Covariance Matrix because of the texture contamination:

n n n
~ 1 1 1
H H H
== g Zkz) = — g Tk Xk X # — g Xk X
n n n
k=1 k=1 k=1

@ The Normalized Sample Covariance Matrix (NSCM) may be a good candidate of the Elliptical
SIRV Scatter/Covariance Matrix:

2.z} Xk xg!
Shscm = — E = E oo
Z Zk P Xk Xk

This estimate does not depend on the texture 7, but it is biased and share the same eigenvectors
but have different eigenvalues, with the same ordering [Bausson 07].
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Maximum Likelihood Estimate of the Covariance/S
MLE-estimators:

Example: Suppose n target-free i.i.d. m-vectors {z;}

where z; ~ CEy, (0, X, g;) where gy(.) is

i=1,n

known and where X is an unknown scatter matrix. The MLE I is set by solving

% Iogggz(z,') = 62‘1 (n log ‘}:_1‘ + Z log h, (z,’-"Z_lz,-)> =0.

i=1

: 4 -1 T 4
Recalling that 53 Iog‘}: | =X and iy

obtain:

ONERA
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Estimating the Covariance/Scatter Matrix

M-estimators:
Let (zi,...,zn) be a n-sample ~ CE (0, X, g;) (Secondary data).

~ i -& (Zﬁ i_l z,-)
PDF g;(.) specified: MaximumLikelihood-estimator of X: ¥ = = Z e

~—1
n H
-1 & (Z; b z,-)
n

PDF g;(.) not specified: M-estimator of X: T = % Z u (zf' }/f_l z,-) ziz;',

=l

[Maronna 76, Kent 91, Maronna 06, Pascal 08, Mahot 13]
@ Existence, Uniqueness, Asymptotic Properties,
@ Convergence of the recursive algorithm, etc.
@ Several PhD ONERA thesis: [Jay 02, Pascal 06, Mahot 12, Terreaux 18J.
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Examples of M-Estimators

SCM: Huber's M-estimator: Tyler:
ulr) =1 | K/eifr<=e m
() u(r)_{K/rifr>e u(r) =%

u(r) u(r)

Kle

e

@ Huber = mix between SCM and Tyler [Huber 64],
@ Tyler and SCM are “not" (theoretically) M-estimators,
@ Tyler is the most robust while SCM is the most efficient.
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Estimating the Covariance Matrix: Tyler's M-Estimat

Let (z1,...,2,) be a n-sample ~ CE, (0m, X, g2(.)) (Secondary data).
Tyler Estimator ([Tyler 87, Gini 02, Pascal 08])

Zy ZkH

< m
XrpE = —
n

=1

H
=1 Z) XFpE Zk

@ The Tyler M-estimator does not depend on the texture (SIRV or CES distributions),
n H
: < ) - Sy m Zk Zi <
@ Convergence of the algorithm: X1 =f (X, ) with f(X) = — Z ————and Xo = In.
n H
—1 Zy X Zk
Existence, Uniqueness,
@ X rpg is the true Maximum Likelihood Estimate when considering textures {Tk}ke[l’"] as unknown
deterministic parameters. In that case, the joint texture estimation leads to
-1
A ZkH X rpe 2k
T = ————
m
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0000000000 00000000O!

Weighting functions for K-distribution 10! I
10!
0 Y
10° Fe = 107 H
¢ ¥
s, A3
N = \\
e AN Y %
s \
h\ \
10! 107! \
i i) = = i ey
T Ml = % .
i s
s T
102 102
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300
1 t
V7 Kyme1 (40 t)
u(t) = p(t) = +

350 400

v+2m
t) = o(t) = ——.

Ky—m(dvt)’ u(t) = (1) v4+2t
We have lim ¥ = )EFPE and lim T = §,,.
v—0 v—00
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Asymptotic distribution of complex M-estimators

Using the results of Tyler, we derived the following results [Mahot 2012, Mahot 2013):

/7 vec (f: — z) 4 CN e (0,2,C, P), (2)

where C\ is the complex Gaussian distribution, C the CM and P the pseudo CM:
C=o0: (T ®X) + 0, vec (X)vec(X)"
P=01 (Z*QZ) Ky 2 + 02 vec (E) vec(X)7,

where K, , is the m x m commutation matrix transforming any m-vector vec (A) into
vec (AT) and where the constant oy and oy are completely defined.

ONERA



Other Refinements
000000000000 000

Robust Estimation and Detection

0000000000000 0e0000000000000000

o Let T an estimate of Hermitian positive-definite matrix X that satisfies
\/_(vec (}: z)) 5 CN(0,,C,P), (3)

with
C=uX*®@X + 1, vec(X) vec(X)",
P=u (£ QE) Ko + 12 vec (E) vec(E) ",

where 11 and v, are any real numbers.

SCM M-estimators FPE
. 2 1 o1 (m+1)/m
&, 0 o —(m+1)/m?
More accurate More robust

Known asymptotic behavior: Any M-estimator behaves exactly as SCM but with o; more
more secondary data (o; = (m + 1)/m times more for Tyler): It implies that SCM can be
simply replaced by any M-estimate in previous detectors without changing performance in
Gaussian case (finite distance).

ONERA
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An important property of Tyler estimator

n
. o m
Tyler M-estimator: Xppg = — E -
n
k=1 zf 2 pE Zk

\/E (EFPE — §n) i> CN (0m7 CFP7 PFP) )

where Crp and Pgp are defined as

Crp = . (Z ® Z) + — vec (X) vec(X)"
. 1 T m—1 H
Prp = (): ® ):) K, + > vec (E) vec (E)

Conclusion: ()A:FPE — §,,) goes faster to 0 than }A:FPE — Z) and then inE behavior is

better approximated by the Wishart distribution than by its asymptotic properties!
[Draskovic 2019].
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An important property of complex M-estimators

@ Let H(.) be a r-multivariate function on the set of Hermitian positive-definite matrices,
with continuous first partial derivatives and such as H(V) = H(aV) for all & > 0, e.g. the
ANMF statistic, the MUSIC statistic, etc [Mahot 13, Ovarlez 15].

[ Theorem 3: (Asymptotic distribution of H(E) |
Jn (H (f:) - H(z)) 4, CN(0,,Ch, Pr), (4)
where Cy and Py are defined as
Ch=uH (Z) (ETe=) H(E)",
Pi=uH(E) (ETQE) Kpep H (X)),

where H' (X) = <86\/I:T((ZZ))>

H(SCM) and H(M-estimators) share the same asymptotic distribution (differs from 1)

ONERA
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CES distribution = two-step GLRT ANMF

Hi

H (E) = Nanmr (Z,f) = = —~ < Aawmr,
GRlEk

where £ stands for any M-estimators [Conte 95, Kraut 99].
@ The ANMF is scale-invariant (homogeneous of degree 0), i.e.
Va, ,8 eER, /\ANMF(az [‘32) /\ANMF(Z Z)
@ Its asymptotic distribution (conditionally to z!) is known [Pascal 15, Ovarlez 15].

Jn (H (i) . H(Z)) 5 CN (0,201 H(E) (H(E) - 1)?) .

Recall for SCM:/n ( ( ) H(Z)) 45 eN (0, 2H(E) (H(Z) - 1)?) .
@ It is CFAR w.r.t the covariance/scatter matrix,
@ It is CFAR w.r.t the texture.

ONERA
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lllustrations of the Result on the ANMF
o A =var (H ()A:) - H(Z)). Here £ = complex Huber's M-estimator.

o Figure 1: Gaussian context, here o1 = 1.066.
e Figure 2: K-distributed clutter (shape parameter: v = 0.1 and 0.01).

T T T T 0
=+ =var(Agu), v = 0.01
24 == var(Apru) 7 -05 ——var(Ascn). v = 0.01
~ 26 var(Asc) 1 — == =var(Agu), v = 0.1
= = 4
= 28 + var(Ag) for o1 N data| o E’ var(Ascar), v =0.1
S =
;,5 3 4 g,a -1.5
g ] g
R £ -
5 34 — 5
K gi) -2.5 Su
-36 1 = Trra,
-3 R e
-38 S TSeSIzzzo-g
o 200 200 60 500 5 000 3% 200 200 500 800 1000
Num%er of snaps%ots n Number of snapshots n
Validation of theorem (even for small n) Interest of the M-estimators

Performances are slightly the same in Gaussian case
but are clearly better in non-Gaussian case.
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[llustrations of the Result on Pg

o Figure 1: Gaussian context :
Po = (1= Aanmr)” ™ 2Fi(n—m+2,n—m+1;n+ 1; Aanwr) -
o Figure 2: K-distributed clutter (shape parameter: v = 0.1), here o1 = 1.066 :
P = (1 — Aawme)” 7™ 2R (nfor — m+2,nfo1 — m+1;n/o1 + 1 Aawwe) -

T =
\ « Hubervith o Ndata
) | | \\ o ‘ ‘ ’

' T T T T o T T T T

L L L I . L L L

L L L L L L
0 05 8
Detection threshokd )

L L
06 05 06
Detection threshold A

Interest of the M-estimators for False Alarm

Validation of theorem (even for small n)

regulation

N
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lllustration of the Results on MUItiple Signal Classificati

K (known) direction of arrival 8, on m antennas

Gaussian stationary narrowband signal with additive noise.

the DoA [Bienvenu 1979, Schmidt 1986] is estimated from n snapshots, using the SCM,
the Huber's M-estimator and the Tyler's estimator.

y(t) = A(8o) s(t) + w(t). J

00 = (015 92, cee 70K)T1

the steering matrix A(0) = (a(61),a(f2),...,a(fk)),
s(t) = (s1(t), 2(t), . .., sk (t))" signal vector,

w(t) stationary additive noise.

X = E [yy"] = A(80) E [ss"'] AH(80) + 01 = EsDsEY + 02 Ew El},, J

where Eg (resp. Eyy) are the signal (resp. noise) subspace eigenvectors.

ONERA
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The MUSIC statistic is

H(X) = argmax 7(0) where v(8) = s(0)" Ew E!}, s(0),
m—K

H(Z) = argmax 4(8) where 4(0) = Z s(0)" e els(9),
i=1

where &; are the eigenvectors of X.

This function respects assumptions of theorem 3! )

The Mean Square Error (MSE) between the estimated angle 6 and the real angles @ can then
computed (case of one source).

@ A m = 3 uniform linear array (ULA) with half wavelength sensors spacing is used,
@ Gaussian stationary narrowband signal with DoA 20° plus additive noise.

@ the DoA is estimated from n snapshots, using the SCM, the Huber's M-estimator and the
Tyler's estimator.

ONERA
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----SCM

----Huber

----Tyler

--%-- Huber with o1 n data
-+ Tyler with ™*1 p data |

m

----SCM
- Huber

MSE

I I I I —6 | I I I I
100 200 300 400 500 10 100 200 300 400 500

Numer n of observations Number n of observations

(a) White additive Gaussian noise (b) K-distributed additive noise (v =0.1)

Figure: MSE of 9 for a number n of observations, with m = 3.

Similar conclusions as for detection can be drawn...
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False Alarm regulation for ANMF built with Tyler's estimate

CFAR-texture property for the ANMF with Tyler's est.

. CFAR-matrix property for the ANMF with the Tyler's est.
10 T peace e

o H : )= - p=001
N ~ ~ Gaussian : p=01
N — K-distribution R
N Student-t
A ~  Cauchy
O Laplace
N — I estimated, n=40, m=10
w0k . — — 3 known (NMF)

o

p
PFA

107 \

B 7 s

1
10° 10 10 10 10' R o
Detection threshold Detection threshold

(a) CFAR-texture (b) CFAR-matrix

Figure: Illustration of thq CFAR properties of the ANMF built with the Tyler’s estimator, for a Toeplitz CM
whose ("J)-entries are p|’—J|_

10° 10
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Properties of ANMF-Tyler Detector on Clutter Transiti ‘\

@ K-distributed clutter transitions: from Gaussian to impulsive noise,

@ Estimation of the covariance matrix with secondary data in sliding window.

Recherche e Recherche M2R ATSI SDMERA
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Properties of ANMF-Tyler Detector on Clutter Trans

Probability of False Alarm - ANMF-Tyler log10(Pta)
- WY | 0

Probability of Detection for Pfa = 0.001 - ANMF-Tyler

Detection Threshold (log1o)

30 40 70

50 60
. 40 50 60
Range bins Range bins
Probability of False Alarm - AMF-SCM - "
Probability of Detection for Pfa = 0.001 - AMF-SCM

Detection Threshold (log1o)

a0

50 60
Range bins 40 70 80 %0

50 60
Range bins

@ ANMF-Tyler: The same detection threshold is guaranteed for a chosen P whatever the clutter
area,

@ ANMF-Tyler: Performance in terms of detection is kept for moderate non-Gaussian clutter and
improved for spiky clutter.
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Robustness of the M-estimators

Let us suppose that {y;}i=1,»—1 ~ CN(0,, X) and that the last secondary data y, contains
outlier po:
@ Sample Covariance Matrix case:

2 12 1 2 n—1 1
I _ H H 1 _ H
Sﬁo—nkEZIkak‘FnPon E[Sﬁo]— n ):—i—nE[popo}.
The power of the outlier pg has a big impact on the quality of the SCM estimation. )

@ Tyler (or FP) Covariance Matrix case:

= m~~ eyl < m+1 po Py 1
2 rpEPol = — g — =k E|Zrpera| = Z+ E — e
n He ! n Hy-1 m
k=1Yi Xrpepol Yk Po Po

The power of the outlier py has no big impact on the quality of the Tyler estimate. )

ONERA
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Robustness of M-estimators

Gaussian vectors yj polluted by outliers

N 1 <& N m < L yH
S,,Z;Zyky'k", ):FPEZ—Z%
k=1 k=1 i Zrpe Yk

n

m=10,n=200 m=10,n=200

P 2
= 5 60 2 % 60
8 8

as
[ o
& 50 % EY
s <
= 40 = 40
= s h=1
2 2
5. . o
g £
83 20 s 20
g g

20|
o 10 © 10
G G
S 15 S
& o S o
< 10 <
g g
= g
S -10 g -1c
2 I
i3 o
A~ -20 -15 -10 -5 0 5 10 15 20 A~ -20 -15 -10 -5 ] 5 10 15 20

Power of contamination (dB) Power of contamination (dB)

Plot of the error between the covariance matrix estimated with and without ouliers.
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Robustness of ANMF: Impact on detection performance™

Same target yx = po (SNR 20dB) than those in the cell under test in the reference cells

(case of convoy for example)
SCM Fixed Point

1 T T

‘7 um&lnmscm —_—

—— Contaminated SCM ——— Contaminated FP
o9 q 09 s
0.8 / 08l 4

True SCM
07 / : 4 o7t §
0.6 / 4 06 True:FPE B 4

£ o5k [ : 4 Bost 1
oal ‘/ Contaminated SCM_ |
Contaminated FPE
031 - 0.3 4
021 - 0.2 4
o1r q 0.1 q
% N o 0 ; EJ w0 % ED o 0 o EY 0
SNR (dB) SNR (dB)
AMF + SCM ANMF + FPE
The SCM can whiten the target to detect. The ANMF built with FPE is more robust. )
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Motivations

The estimation of X does not take into account any prior knowledge on the covariance matrix:

How to improve detection performance by exploiting prior information on X ?

= Use of some prior knowledge on the structure of the covariance matrix:

o Toeplitz: [Burg 82] for estimation,
@ known rank r < m (ex: subspace detector) [Kirsteins 94, Haimovich 96, Rangaswamy 03],

@ Persymmetry: [Nitzberg 80] for estimation, [Cai 92] for detection in Gaussian case, [De
Maio 03, Conte 03, Pailloux 11] in non-Gaussian noise.

@ Shrinkage: when the number n of available secondary data does guarantee the inversion of
the covariance matrix estimate (n < m). [Abramovich 07, Chen 11, Abramovich 13,
Besson 13, Couillet 14, Wiesel 14, Pascal 14]

@ In high dimension regime, some RMT-based results [Couillet 11, 14, 15] for detection
schemes

37/97 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 9 janvier 2024 - Séminaire Recherche M2l ier. /OLA



Robust Estimation and Detection Applications and Results in Radar
000000000000 00000O00O0O00000000000 00@000000000000 0000000000000 0000000!

Outline

© Other Refinements
@ Exploiting Prior Information: Covariance Structure

re Recherche M2R e M2R ATSI- 9 SISUEIRIA:




Robust Estimation and Detection Other Refinements

000000000000 00000O00O0O00000000000 000@00000000000

Using Persymmetry Property

Under persymmetric considerations (ex: symmetrically spaced linear array, symmetrically
spaced pulse train, etc.), the Hermitian covariance matrix X verifies: £ = J,, £* J,,, where J,,

is the m-dimensional antidiagonal matrix having 1 as non-zero elements. If the unitary matrix
T is defined by:

1 Im/2 Jm/2
E ( Pz —i dmy2 for m even
T= 5
1 lm-12 0 Jm-1)2 )
7 0 V2 0 for m odd ,

ilm—1y2 0 —id(m_1)2

then:
e s = Tpis a real vector (if p is centrosymmetric, i.e. p = J,p*),
e R=TXT" is a real symmetric matrix.
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Equivalent Detection Problem

Using previous transformation T, the original problem can be reformulated as:

Original Problem T Equivalent Problem
Hy:y=c, Ci,...,Cp Ho:z=n, ny,...,N,
{ley:Ap—i-c, Ci,...,Cp - {lez:As—l—n, ny,...,Nn,
where
0ez=TyeCm,
e n=/7x and ng = /7 X, with x,xx ~ CN(0y,, R) where R is an unknown real

symmetric matrix,
@ s = Tpis a real vector.

The main motivation for introducing the transformed data is that the original persymmetric
complex covariance matrix of the Gaussian speckle X is transformed though T onto a real
covariance matrix R.
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The Persymmetric FP Covariance Matrix Estimate

From the estimate Rgp of the real covariance matrix R, solution of the following equation:

n
= m ng nl
R=— W,
,,Z .
1 e R7Tng

the Persymmetric Fixed-Point Covariance Matrix Estimate can be defined as:

Rpep = Re(Rep).

Statistical performance of /R\PFP [Pailloux 08, 10 and 11].
° ﬁp,:p is a consistent estimate of R when n tends to infinity,
° ﬁPFP is an unbiased estimate of R,
e Its asymptotic distribution is the same as the asymptotic distribution of a real Wishart

matrix with 1 2 n degrees of freedom.
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The resulting P-ANMF for the transformed problem is based on the PFP estimate and can be

defined as:
~ ‘S RI;I}'PZ‘ H
A (RPFP) = > (6)
(5 Rprp s) (Z Rpep Z) Ho
Properties:

o A(Rpep) is texture-CFAR,
° /\(ﬁp,:p) is matrix-CFAR,
@ The use of PFP estimate in the ANMF allows to virtually double the number n of

secondary data and improve the performance of the ANMF detector built with the FP
matrix estimate.

A (ﬁppp) is SIRV-CFAR and is called the P-ANMF.

More recent works can be found in [Mériaux 19 and 20]
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Conventional Low Rank Detectors

Principle of Low Rank Matched Filter approaches found for example in [Kirsteins 94] (Principal
Component Inverse) and [Haimovich96] (Eigencanceler) and [Rangaswamy 04].
Let suppose that the rank r of clutter covariance matrix X is known:
@ Example of sidelooking STAP with M pulses measurements and N sensors,
r=N+ (M —1)3 (Brennan's rule) where 5 =2v T,/d.
The idea is to project the data onto the orthogonal subspace of the clutter.

Zykyk— W (% 5 ) wue)”,

If we denote by ﬁSCM = U, U the projector onto the clutter subspace, the Low-Rank ANMF
detector is given by:
. 2
‘PH (l - nsczw) Z’
ALr—anmr—scm(z) = = =
(% (1= Pisc) p) (= (1= Psew) 2)
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Extended Low Rank Detectors

In case of heterogeneous and non-Gaussian clutter, we know that Sscy or Mscy are not good
estimates. If we denote the Normalized Sample Covariance Matrix by:

Tnsem = — Zykyk = (U, Uo) ( 0 }g ) (U, Uo)"

k= 1yky

[Ginolhac 12 and 13] proved that Myscy = U, Uﬁ is a consistent estimate projector onto the
clutter subspace. We can define the extended Low-Rank ANMF-NSCM:

‘ 2

‘PH (' - ﬁNSCM) z Hy
Nir—anmr—nscm(y) = — = 2 A
(PH <| - nNSCM) P) (ZH <| - nNSCM) Z) Ho

This detector is found to be texture-CFAR and is asymptotically X-CFAR. Moreover, he has
another nice robustness property when outliers and targets are present in the secondary data.
The Normalized Sample Covariance Matrix is a good candidate for adaptive version of
Rangaswami's Low Rank Matched Filter and Low Rank Normalized Matched Filter.

More recent works can be found in [Breloy 15, Sun 16, Breloy 16, Ginolhac 16].
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Outline

© Other Refinements

@ Shrinkage of M-estimator
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Shrinkage of Tyler's estimators

Case of small number of observations or under-sampling n < m: matrix is not invertible =
Problem when using M-estimators or Tyler's estimator!

n H

=18y 4 Bl

n
i=1

subject to the constraint Tr(X¢) = m and for 5 € (0, 1].

zH ZEI z;

@ Originally introduced in [Abramovich 07],
e Existence, uniqueness and algorithm convergence proved in [Chen 11],
@ Active research [Abramovich 13, Besson 13, Couillet 14, Wiesel 14, Pascal 14]
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Shrinkage Tyler's estimators

H

Tp=(1-0) 23 e+ 5l

Hs—1
= 2,z

subject to the no trace constraint but for 5 € (3,1], where § := max(0,1 — n/m).

o Xp (naturally) verifies Tr(X5') = m for all § € (0,1],
@ Existence, uniqueness and algorithm convergence proved,
@ The main challenge is to find the optimal 8! [Couillet 14].
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© Other Refinements

@ RMT Theory and M-Estimator based Detectors
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Some RMT-based results for detection schemes

The RMT (ex: [Couillet 11]) allows 1) to understand the statistical behaviour of expressions
involving estimate of large covariance matrices (ex: quadratic forms, ratios of the quadratic
forms, SNIR Loss, performances of detection tests as ANMF, LR-ANMF, etc.) and 2) to
correct it. At a finite distance (practical m, N values), the corrected results are often valid.

@ Sources localisation applications [Couillet 15]: the based-RMT Music algorithm (G-Music)
is known to have higher performance than those of conventional algorithms when using all
the eigenvalues of the covariance matrix.

o MIMO-STAP [Combernoux 16]

@ Adaptive Radar Detection when secondary data are correlated [Couillet 15].

@ Hyperspectral Anomaly Detection - Unmixing: the goal of E. Terreaux PhD thesis
[Terreaux 17] is to better analyse the rank of the anomalies space (model order selection)
in Hyperspectral Imaging (high dimensional problem) for heterogeneous, correlated
non-Gaussian environment.
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© Applications and Results in Radar, STAP, SAR imaging, Hyperspectral Imaging
@ Surveillance Radar against Ground and Sea Clutter
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False Alarm Regulation on THALES Ground Clutter

Data Description

@ "Range-azimuth" map from ground clutter data collected by a radar from THALES Air Defense, placed 13 meters above
ground and illuminating area at low grazing angle.

@ Ground clutter complex echoes collected in 868 range bins for 70 different azimuth angles and for m = 8 pulses.

Pulse n°1

it |
‘.‘ “‘\v | i ‘ﬂ

ONERA
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False Alarm Regulation on THALES Ground Clutte

Data processing

@ Rectangular CFAR mask 5 x 5 for 0 < k < m different steering vectors py.

Cell under test : y

7 1

exp (2i7r(k—l)

m

exp ( 2i7rgkm—1)2 )

|1 Pk =

A :
\/ exp (2i7r(k.—’1n) (m—l))

Reference cells (CFAR mask)

@ For each z, computation of associated detectors /\ANMF(}A:T},IE,) and /\ANMF()A:NSCM)

@ Mask moving all over the map.
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False Alarm Regulation on THALES Ground Clutter

Curves "PFA-threshold" - CFAR property

Clutter map
T TR e
Tl e =i
w * ~ it
“' | SON
N FP
10k \\ ]
\\
H < N\ Theoretical
NSCM
107k \\ 4
\
[tue M
-3 \
10 -
400 500 10' 10° 10° 10° 10° 10° 10"
ange i eshot 1
Azimut/range bins map Relationship " P;,-threshold"

Figure: ANMF with Tyler's M-estimate - False alarm regulation for pp = (1...1)7.

Black curve fits red curve until PFA = 103 [Ovarlez et al. 16].
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False Alarm Regulation on THALES Ground Clutter

o m=8etK=8
10° 5 - 1 - - - - - T
O theo. ANME 09f o0 ot 1
A e .
o~ - 08 & 1
o - 07t i o 1
~ " ANMF-PFP /
NG 0.6F g ¥ 1
e 1 " ANMF
o® g o5 v % 1
0.4 ,' . 1
107 B . ;
- .3 G G 7
— ANMF ; R
—— ANMF-PFP ‘theo. ANMF-PFR 0. ‘ 7 |
——theo. NMF M K the ‘ o
—e—theo. ANMF M known - |
theo. ANMF-PFP LT
‘0-13 o n‘)‘ o 10° TS ‘ 5 ‘ 520 25 80
Threshold SNR (dB)

Persymmetric Tyler-ANMF and Tyler ANMF on THALES dataset - m =8, n =8
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False Alarm Regulation on THALES Ground Clutter

) m=8etK=20
10f \ — T
. N 1
10
TN
‘I\ 4
o ™ i
o " theo. ANME |
\k
- \\ 1
10 ‘\
— ANMF
—— ANMF-PFP b |
——theo. NMF M known theo. NM|
—o—theo. ANMF M known ~ N |
theo. ANMF-PFP N
107 i 4 : i L L L L L
10° 10' 10° 10° 10° 10 0 5 15 20 25 30
Threshold SNR (dB)

Persymmetric Tyler-ANMF and Tyler ANMF on THALES dataset - m =8, n = 20
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Detection Performance on THALES Sea Clutter

Non-Stationary and Heterogeneous THALES Sea clutter

Outrace (m)

y
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Application of Shrinkage to HFSWR: Detection

Singapore NTU HFSWR dataset

- m 2z )
Shrinkage FP Estimator % = (1-5) Z S + 81

i=1

T 2w @ 10
Ooppler B / Doppier B

Shrinkage Classical FP

Detection of 3 targets for the Shrinkage BUT
only 1 for the FP

Detection of 2 targets BUT
Improvement of Shrinkage

[1] F. Pascal, Y. Chitour and Y. Quek, Generalized Robust Shrinkage Estimator and Its Application to STAP
Detection Problem, Signal Processing, IEEE Transactions on, Vol.62, No.21, pp.5640 - 5651, 2014
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© Applications and Results in Radar, STAP, SAR imaging, Hyperspectral Imaging

@ Detection Performance on STAP Data
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Detection Performance on STAP Data

Problem

Using joint spatial and time measurements, estimate the position (angle) and the Doppler
frequency (speed) of the target
= use of the ANMF with a particular steering vector [Ovarlez 2011]

.

Data parameters: experimental clutter with synthetic target

X-Band ~ 10° Hz, wavelength A = 0.03m, flight speed v =100m/s, distance to the scene
30km, 5deg of incidence, PRF (Pulse Repetition Frequency) of 1 kHz, inter-sensor distance
d = 0.3m, 12 trials with n = 410 range bins, M = 64 pulses and N = 4 sensors.

v
e This means observations of size m = N M = 256 while n < 410!
e Clutter more or less homogeneous BUT some targets (outliers) could be present in the
secondary data

ONERA
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No target is present in the secondary data - homogenedus noise

STAP AMF+SCM, data 3, burst 6, range bin 255 STAP ANMF-FP, Essai 3, burst 6, range bin 255

" 0
i -2 -2
-4 -4
-6 -6
E y -8
-10
-05 2 -05 2
14 14
-15 15
\ 16 -16
18 18
-25 i -25
20 -20
2 4 6
)

Angle (deg)
|
s
Angle (deg)

E 0 -6 -4 -2 0
Speed (mis) Speed (mis)

AMF detector with the SCM ANMF detector with Tyler's estimate.

Doppler-angle map for the range bin 255 with n = 404 secondary data and m = 256.
(targets and guard cells are removed)
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Two targets (4m/s and -4m/s) are present in the secondary data - homogeneous noise

STAP AMF+SCM, data 3, burst 6, range bin 255 STAP ANMF-FP, Essai 3, burst 6, range bin 255

Angle (deg)

E 2

0
Speed (mis)

0
Speed (mis)

AMF detector with the SCM ANMF detector with Tyler's estimate.

Doppler-angle map for the range bin 255 with n = 404 secondary data and m = 256
(guard cells are removed)
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Detection Performance on STAP Data

|l|”l ‘
\Jl mll” W'

Figure: Doppler-angle map for the range bin 255 with n = 404 secondary data, m = 256 [Pailloux 10].
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Extended Low Rank Detectors [Ginolhac 11, 12 and

No target-contamination, Target at 4 m/s, 0 deg

AMF based based on the SCM

Classical STAP
N =4, M =64, n=408

n<2MN, n>2r

Target in the CUT

Ca—

2 o

2 o g
Veesso )

Figure: Doppler-angle map for the range bin 255 with n = 100 < m secondary data and m = 256.
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|
Q Only one target (4m/s) in the CUT | \

@ Contaminated secondary data

two t. ts at 4m/s and -4m/!
(two targets at 4m/s and -4m/s) Classical STAP

N =4, M =64, n=410

n<2MN, n>2r Target in the CUT

Low Rank ANMF with NSCM

Whitened
target

Target sidelobse
Figure: Doppler-angle map for the range bin 255 with n = 100 < m secondary data and m = 256.
(guard cells are removed)
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© Applications and Results in Radar, STAP, SAR imaging, Hyperspectral Imaging

@ Detection Performance on SAR Image
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Background on SAR and Radar Imaging

RAMSES Image

ONERA RAMSES Image

Radar Imaging allows to build more and more precise images:
e Current use of very high spectral bandwidth and very high angular bandwidth leading to

very high spatial resolution,
e Application to monitoring (detection, change detection), classification, 3D reconstruction,

EM analysis, etc.
These applications require some physical diversity to reach good performances. J
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Multi-Channel SAR Images

Multi-channel SAR images automatically propose this diversity through:

e polarimetric channels (POLSAR), interferometric channels (INSAR), polarimetric and interferometric channels
(POLINSAR),

e multi-temporal, multi-passes SAR Image, etc.

Pauli Decomposition

Range X, meters

%0 a0 w0 a0
ros3-range Y, meters
EM behavior of the terrain Estimation of the height Analysis of the structures displacement in
in POLSAR images in POLINSAR images Shangai with multi-temporal SAR images
(@Telespazio)

Almost all the conventional techniques of detection, parameters estimation, speckle filtering
techniques, classification in multi-channel SAR images (e.g. polarimetric covariance matrix,
interferometric coherency matrix) are based on the multivariate statistic.
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Mono-Channel SAR Images
For mono-channel SAR Images, each pixel of the spatial image is only characterized by a
complex amplitude and we don’t have directly access to this diversity. Moreover,
e very high resolution SAR images are more and more complex, detailed, heterogeneous,
e the spatial statistic of SAR images may be not at all Gaussian !
e SAR pixels may be dispersive (or colored) and anisotropic.

Spectral diversity

Non-Gaussianity

res < 0.5m

@ONERA SETHI

i

Sub-band 1 Sub-band 2 Sub-band 3

Challenging Problems

e How to retrieve, how to exploit this diversity (dispersive and anisotropic information) from
mono-channel SAR image ?

e How to derive Multivariate Adaptive Detectors on a mono-channel complex SAR image ?
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Conventional Principle of Radar/SAR Imaging

Conventional Fourier Imaging (laboratory, SAR, ISAR):

20 tmage

e Assumptions of white and isotropic bright points
e |t does not exploit the potential non-stationarities or diversities P

of the scatterers i

e Hypothesis of bright points modeling: all the scatterers localized in x and characterized by the complex spatial amplitude
2f
distribution /(x) have the same behavior for any wave vector k = = (cos 0, sin ). After some processing, the

c
backscattering coefficient H(k) acquired by the radar is simply related to the SAR image /(x) through:

H(k) = / 1(x) exp (72 i ka) dx
Dx

e The SAR image /(x) is then obtained through the Inverse Fourier Transform:

I(x)=/ H(k) exp (2imk’ x) dk

k

With this model, all information relative to frequency f and angle 6 are lost. Hence, spectral
and angular diversities are lost. J
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Time-Frequency Distributions for SAR Imaging - Key

Time-Frequency Distributions are generally devoted to non-stationary time signals analysis (e.g.
spectral components varying with time). They can be easily extended in 2D.
Key idea: In the context of SAR Imaging, Time-Frequency Analysis allows:
e to highlight the coloration and anisotropy properties of monodimensional SAR scatterers,
e to characterize each pixel of the complex SAR image with a vector of information related
to angular or/and frequency behaviors.

LTFD analysis and the physical group theory (Heisenberg or affine group) allow to construct
hyperimages [Bertrand 91, Bertrand 94, Bertrand 96] through:

T(ro, ko) =< H(.), Wro () >:/D H(k) W7 (K) dk,

where W (k) is a family of wavelet bases (Gabor, wavelet) generated from a mother wavelet
@(f,0) through the chosen physical group of transformation (translations, scale in frequency,
etc.) and where Dy is the spectral/angular support of the wavelet W.
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Highlighting the Spectral and Angular Behaviors of

Isotropic and white Anisotropic and colored
scatterers. scatterers.
e An isotropic and white scatterer is mainly located on a pixel of SAR image,
e An anisotropic and colored scatterer may naturally spread out in spatial domain ! J

ONERA

varlez - Séminaire Recherche janvi Séminaire Recherche M2R




Robust Estimation and Detection Other Refinements Applications and Results in Radar ...

000000000000 00000O00O0O00000000000 000000000000 000 000000000000000000!

From Mono-Channel to Multi-Channel SAR Image

Example of N¢ = 3 sub-bands and Ny = 3 sub-looks image decomposition:

H =TF(I 1

Exploitation of the diversity

Each pixel i of the mono-channel SAR image can now be characterized by a N-vector

X; = Wl",l, cel W,(,f’Ne ’ of information (N = N¢ Np) related to dispersion in frequency
domain and anisotropy in angular domain. Which multivariate statistic can characterize the

vector x; ?
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Detection Performance on SAR Image

Analysis of Performance
Evaluation the CFAR property of the AMF and ANMF detectors,
e Comparison of the target detection performance between AMF and ANMF.

Dataset from SANDIA National Laboratories Artificial embedded target

Targor Angulsr and SpectralBenaviorof the target to be detected
R image - no gt AR mage wih targe n (16934208, .4 guiar and Spe o

“TIL!

Left: Original SAR Image without target. Right: Left: SAR Image of the target. Right: True target
SAR image with specific embedded target. response p in angular and spectral spaces (Np =5
sub-looks, Nf = 5 sub-bands).

Glossargn
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Detection Performance on SAR Image

Perfect PFA regulation with ANMF-Tyler but poor PFA regulation for AMF-SCM

Left: FA Regulation with ANMF-Tyler. Right: FA Regulation with AMF-SCM. Ny = 5, Ny = 5, K = 88.

Better target detection for ANMF-Tyler [Ovarlez 17, Mian 19]

S st Ty 20315105 i =351503

L

Left: Full AMF-SCM detection test, Pg, = 1. Right: AMF-SCM Left: ANMF-Tyler detection test, Pr, = 1. Right: ANMF-Tyler
detection test, Pg, = 2.6 1073, detection test, Pg, = 2.6 1073,

A s Doecion =1 o s et (47 31 Pz
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Change Detection on SAR Image Time Series

Contributions to SAR Image Time Series
Analysis

Guillaume Ginolhac and Arnaud Breloy
RadarConf Tutorial - 26 September 2020

Joint work with: Ammar Mian (Univ. of Aalto),
Jean-Philippe Ovarlez (ONERA & SONDRA),
and Abdourrahmane M. Atto (LISTIC)

. LISTIC
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Outline

© Applications and Results in Radar, STAP, SAR imaging, Hyperspectral Imaging

@ Hyperspectral Imaging: Detection and Anomaly Detection
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Hyperspectral Imaging

Spectal dimension

Reflectance

Spatial dimension Spatial dimension

Wavelength

e Anomaly Detection
To detect all that is "different" from the background (Mahalanobis distance) -
No information about the targets of interest available [Frontera 16].

e "Pure" Detection
To detect targets characterized by a given spectral signature p - Regulation of False Alarm [Ovarlez 11,
Frontera 17].
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Problem: the statistical mean is non null = M-estimator of the mean is required )

n

Zul(t,-)z,- L
ﬁ:i=}7— and}A::;Zuz(t,Z) (zi — fv) (Zi—ﬁ,)H,

Z Ul(ti) i=1

i=1

o—1

1/2
where t; = ((z,- T (z - ﬂ)) and uq(.), uz(.) denote any real-valued weight
functions (following the conditions of Maronna).

Joint estimation of location and scale [Bilodeau 08] )

ONERA
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Hyperspectral Imaging

ANMF and M-estimates for Hyperspectral target detection [Frontera 14]

ANMF

@ This two-step GLRT test is homogeneous of degree 0: it is -
independent of any particular Elliptical distribution: CFAR texture o
and CFAR Matrix properties,

log,, Py,

ScM
@ Under homogeneous Gaussian region, it reaches the same - e
performance than those of the detector built with the SCM o /
estimate. 4: P Huber~

6 8 10
Threshold (1)

J.-P. Ovarlez - ninaire Recherche M2R ATSI - 9 janvier 2024 - Séminaire Recherche M2R ATS!




Robust Estimation and Detection Other Refinements
000000000000 00000O00O0O00000000000 000000000000 000

Hyperspectral Imaging

Extracted region :
»100 x 100 pixels,
»5 bands,

Adaptive Nomalized Matched Fiter

»Sliding Window: 19x19
n_d 15 E.
. Non-Gaussian region
2f
725:
Original data set
-3

MC-SCM
Theoretical-FP
——MCFP

Theoreticak-SCM
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Threshold (dBs)
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Hyperspectral Imaging

. . c=b €1,...,Cn .
Binary Hypotheses test: { Hi © c—Ap+b o cn where b ~ CN(0m, X) and ¢; ~ CN(0m, X), A
known and p unknown

600
500 Anomalies £ N 1 n

- denoting 1 = —Z i
400 - n

s i=1

:; 300 B ~\H a_1 ~ M

E RXDscm(c) = (C - u) S, (C - u) 2 A

200 Background 7 Ho
- (Hotelling T2 distributed)
100 7 : n—m
“Phreshold —————RXDscm(c) ~ Fm,n—m
0 5(‘)0 680 760 8(‘)0 960 1,600 1,100 m (n + 1)

Band 30
@ Derived and valid only under Gaussian hypotheses,

@ Its false alarm rate is independent of the covariance matrix: CFAR-matrix property in homogeneous
Gaussian data.
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Hyperspectral Imaging

Ho : c=b Ci,...,Cpn
Binary Hypotheses test: R where b ~ CE(p, X and ¢; ~ CE(p, X
y yp Hl . C:Ap+b cl’.”’cn (”’7 7gZ) 1 ("Lv 7gz),
A known and p unknown
600
500 Anomalies %<
400 |- - H.
s ~\H =o—1 ~ 1
% 0| | RXDpj—est(c) = (c — u) > (c — p,) Z A
& . Ho
200 - Background } where X and p are M-estimates
) of the location and scale
100 |-~ - b
{ ‘Threshold
400 5(‘]0 6[‘)[) 7(‘]0 X(‘JO 9[‘)[) 1 ,(‘JOO 1,100

Band 30
@ Derived and valid for any Elliptical Contoured Distributions,
@ lts false alarm rate unfortunately depends on texture statistic of the data.
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Anomaly Detection Results on Artificial Targets
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50 x 50 pixels, 126 spectral bands
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(a) Original (b) SCM (c) Shr-SCM (a) FP (b) Shr-FP

Extended Kelly AD built with conventional and robust estimates for artificial targets in real HSI (m =9, n = 80, PFA = 0.03).

(a) Original (b) SCM (c) Shr-SCM (a) FP (b) Shr-FP

Extended Kelly AD built with conventional and robust estimates for artificial targets in real HSI (m = 126, n = 288, PFA =
0.03).
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Problem of detecting galaxies in HS MUSE (Multi Unit Spectroscopic Explorer) data (465-930 nm)

Classical RXD Muse Image Extended RXD

RXDscpm(c) 300 x 300 pixels RXD1yjer(c)
3578 spectral bands

Better detection and False Alarm regulation with Tyler estimate (same Pfa).
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Experimental Data from DSO Singapore
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Conclusions y

@ When the background is non-Gaussian and/or heterogeneous, the conventional detectors (AMF or
sub-optimal CFAR tests) are not at all optimal and lead to poor false alarm regulation and poor
detection performance,

@ The SIRV and CES background modeling allows to take into account the background complexity:
the non-Gaussianity, the temporal background fluctuations and the spatial background power
fluctuations,

@ Using this model, the ANMF detector built with the Fixed Point (or other M-estimators)
background covariance matrix estimator is shown to be CFAR-texture, CFAR-matrix and exhibits
nice properties (robustness) and very good detection performance,

@ Taking into account additional a priori properties on the covariance matrix structure (low rank,
persymmetry, Toeplitz, ...) can lead to a appreciable gain for small numbers of secondary data,

@ These methods have been applied for many problems involving covariance matrix estimation:
STAP detection, SAR detection (FOPEN), Polarimetric/Interferometric SAR detection and
classification, SAR and Hyperspectral Change Detection, SAR and Hyperspectral time-series
analysis, Financial Portfolio Oprimization, Hyperspectral Anomaly detection, Hyperspectral
detection.
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On-going works and Perspectives

Link with Random Matrix Theory: for high dimensionality data (ex: hyperspectral, STAP), strong statistical connection
with Robust Estimation theory [R. Couillet, and F. Pascal, J.-P. Ovarlez, E. Terreaux],

Robust estimation of structured covariance matrices, Low-Rank covariance matrices [Y. Sun, D. P. Palomar, A. Breloy, G.
Ginolhac, F. Pascal, J.-P. Ovarlez, C. Ren, P. Forster, B. Mériaux 2020] : persymmetric, Toeplitz, Bloc Toeplitz,
Low-Rank matrices, etc.,

Joint location and scale with M-Estimators: non-centered multivariate data, e.g. hyperspectral data [J. Frontera, F.
Pascal, J.-P. Ovarlez],

How to deal with non i.i.d secondary data? RMT approach [R. Couillet, F. Pascal, J.-P. Ovarlez], VARMA approach: [W.
Ben-Abdallah, P. Bondon, J.-P. Ovarlez],

No secondary data: [C. Ren, N. El-Korso, P. Forster, A. Breloy, J.-P. Ovarlez, B. Mériaux],

M-Estimators and Riemannian Geometry: [F. Barbaresco|, [P. Formont, F. Pascal, G. Ginolhac, A. Renaux, A. Collas,
J.-P. Ovarlez, F. Bouchard],

Shrinkage of M-Estimators: [A. Wiesel, Y. Abramovitch, O. Besson, F. Pascal, E. Ollila, ...], [Q. Hoarau, G. Ginolhac],
Sparsity and high dimension: [A. Bitar, J.-P. Ovarlez].

Performance of Estimation : [A. Renaux, B. Mériaux, S. Fortunati]
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Motivations

The Model Order Selection is a fundamental problem in Signal Processing:
@ Radar, Sonar: Direction of Arrival, Source Localization, STAP, Date of Arrival, Spectral
Analysis (ARMA), etc.

@ Hyperspectral: Unmixing, etc.
@ Finance: portfolio optimization, efficient portfolio composition, etc.

In spite of the multitude of techniques available for solving this problem, most of them use
information theoretic approaches, such as:

o the Akaike Information Criterion (AIC),
@ the Minimum Description Length (MDL).
Recently, the Random Matrix Theory (RMT) based-approach has also been proposed.

All these methods are classically based on white Gaussian noise assumption. J
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Problem formulation

Let {y,-},.e[l’N] be N observations of size m characterizing the p < m mixed sources corrupted
by additive noise:

P
yf'zzsi,jmj—i—n,-, i€[1,N], (1)
j=1
which can be rewritten more compactly as:
Y=MS+N, (2)
where
oY =[y1,y2,.--,yn] € C™N are the observations,

e M € C™*P is the mixing matrix containing spectra of the p sources,
@ S € CP*N s the channel gain matrix,
o N € C™*N is the additive noise matrix, independent of the source signal.

Generally, p < m is unknown, M and S unknown and N is zero-mean white Gaussian J
noise.
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Recall of Akaike Information Criterion and MDL

Goal: Given a set of N observations Y = [y1,¥a,...,yn]| and a family of models, (e.g., a
parametrized family of pdf {f(Y|®x)},), select the model k that best fits the data. [Akaike
74] proposal was to select the model which gives the minimum AIC defined as:

AIC(k) = 2 log f (Y184 ) + 2k,

where © is the MLE of vector O, and k is the number of free adjusted parameters in vector
Oy.

[Schwartz 78] and [Rissanen 78] approaches yield the same type of criterion, given by:

MDL = — log (Y|(:)k) + % k log N .
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Applications for Model Order Selection (1

Let us consider the theoretical covariance matrix R of complex observations y; with n; white
Gaussian noise:
R=Eyiy/] =Ms;s/!M+0°l, =& +05°,.
We assume here M full column rank ({m;}, linearly independent) and s;s!’ non singular. We
have:
o rank(®) = p, the m — p smallest eigenvalues of ® are equal to zero,
e eig(R) = {)\1, A2y Apy 02, ,02}.

We can define a family of covariance matrix R() = o) 4 521, as:

k
Model (k): RO =" (N =0?) vivl' + 0%,
i=1
where A1, ..., Ax are the k highest eigenvalues of R%) and where vy, ..., vy are their

corresponding eigenvectors. We can define also the vector @ of unknown parameters as:

2 T
@k:(Al,...,Ak,J,Vl,...,Vk) .
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Applications for Model Order Selection (2

“log f (Y|ék) L

N —1 \
_ Iog,l:[l m exp (—yl’." (R(k)) y,.> ’

Nlog [R™)| + Tr [(R<k>)_1 ZN:y; y;”} :
i=1

1 R
~ Nlog ‘R(k)‘ Ty [(R‘“) NR} , (3)
N
where R = N Zy,- y/. Maximizing (3) with respect to each parameter of ® [Anderson 63]
i=1
leads to:

N ) ) . 1 m
("] )\,':/,' and Vi =u;, I € [1,/(], 0'2 = mz I,'.
i=k+1
where | > k... > I, and uy,...,u,, are the eigenvalues and eigenvectors of the Sample
Covariance Matrix R.
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Applications for Model Order Selection (3

The number of free parameters is obtained by counting the number of degrees of freedom spanned by
T
@k: ()\1,...,/\k,0'2,vl,...,vk) [Wax85]:

k + 1 reals + 2 k m reals — 2 k normalizations — 2 k (k — 1)/2 mutual orthogonalizations

Substituting the Maximum Likelihood Estimates in the log-likelihood (3) leads to:

m
1>

i=k+1

AIC(K) = —2Nlog 4 2k(2m— k),
m
1
m—k Z Ai
i=k+1
m
g
- 1
MDL(k) = —Nlog i T —— 5 k(@2m—k) log.
m
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Applications for Model Order Selection (4

@ AIC is shown to be not consistent and has a problem of over-estimation of the number of
sources

@ MDL is consistent and is generally prefered to AIC.

@ Both techniques are based on white Gaussian noise. They do not work for correlated noise
or non-Gaussian noise

@ Both techniques may have some problems for high dimensional data
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Examples (1

SNR = 3dB SNR = 10dB

N =100, m = 10, p = 4, SNR=3dB
T T T T

400

400 T T

N =100, m = 10, p = 4, SNR=10dB
T T T T

350

AlIC and

Likelihood
Likelihood
I
3

150

100 I I I I I
0 1 2 3 4 5 6 7 8 9
Number of sources

MDL model order selection (white Gaussian noise, N = 100, m = 10).

Number of sources
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Examples

SNR = 3dB SNR = 10dB

N =100, m =10, p= 4, SNR=3dB N =100, m =10, p = 4, SNR=10dB
2500 T T T T T T T T T T

3000 T T

2500
2000

2000

1500

AlIC and

Likelihood
Likelihood

1000

Number of sources Number of sources

MDL model order selection (correlated Gaussian noise, p = 0.9, N = 100, m = 10).
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Outline

e Random Matrix Theory
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RMT in SONDRA

The RMT Couillet 11] is not a magic tool or scientific nutshell but allows 1) to understand the
statistical behaviour of expressions involving estimate of large covariance matrices (ex:
quadratic forms, ratios of the quadratic forms, SNIR Loss, performances of detection tests as
ANMF, LR-ANMF, etc.) and 2) to correct it. At a finite distance (practical m, N values), the
corrected results are often valid.

@ Sources localisation applications [F. Pascal, R. Couillet, ...]: the based-RMT Music
algorithm (G-Music) is known to have higher performance than those of conventional
algorithms when using all the eigenvalues of the covariance matrix.

@ MIMO-STAP: the goal of A. Combernoux PHD thesis [Combernoux 16] was to
analyse/improve the detection and filtering performances of low-rank detectors.

o Adaptive Radar Detection: when secondary data are correlated [Couillet 15]

@ Hyperspectral Anomaly Detection - Unmixing: the goal of E. Terreaux PhD thesis
[Terreaux 17] is to better analyse the rank of the anomalies space (model order selection)
in Hyperspectral Imaging (high dimensional problem) for heterogeneous, correlated
non-Gaussian environment.
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Key ideas (1

Let {yi};cp,n be distributed according to CA (0,5, M). The Maximum Likelihood Estimate of

1 1
. . _ WH _ H
M is given by M = N ;Zl yiy; = —NYY .

Asymptotic Regime

If N — oo, then the strong law of large numbers says (or equivalently, in spectral norm):

M—M 250, HI\A/I—M‘E'—SAO.

.

Random Matrix Regime

@ No longer valid if m, N — co with m/N — ¢ € [0, oo: HI\A/I = MH - 0,

@ For practical large m, N with m ~ N, it can lead to dramatically wrong conclusions (even
m = N/100).

.

ONERA
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Key ideas (2

Let {ni},c be distributed according to CN (0, C = 021,,). We analyze the eigenvalues

distribution of € = Zn nf = —N N where ¢ = m/N € [0, o]

Random Matrix Regime

The distribution of the eigenvalues of 1,, tends almost surely toward the Marcenko-Pastur

distribution
p(x)z(l—é)j( o fm 20, Ok 0,

where A\_ =02 (1 - \/E)2 and Ay =02 (1+ \/5)2

Not restricted to Gaussian statistics !

ONERA
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RMT Examples (1): classical asymptotic regime

N = 1000, m =10, c =0.01 N = 10000, m = 100, ¢ = 0.01

N =1000, m =10, ¢ = 0.01 N =10000, m = 100, ¢ = 0.01
T T T T

4 . 35 T
Histogram istogram
Marcenko-Pastur arcenko-Pastur
35t 1 sk 1
3l 1
251 1
25 q
ok 1
w m H
o 2t } a
5o & Eigenvalues
15 q
15 1
1k 1
1k 1
05l i 05 q
0 . . . 0 . . .
0 05 1 15 2 25 0 05 1 15 2 25
Eigenvalues support Eigenvalues support

support for white Gaussian noise (02 =1, C = o2 1,,).
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RMT Examples (2): same RMT regime

N =100, m =95, c =0.95 N = 1000, m =950, ¢ =0.95

N =100, m = ro 0.95 N= 1000 m=950,c= 095
187 T T T T T T T 187 T T T T T T

Eigenvalues

0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
Eigenvalues support Eigenvalues support

support for white Gaussian noise (02 =1, C = 02 1,,).
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RMT Examples (3): from where does start RMT

N=10, m=4

N-t0m=tc=04

N = 1000, m = 400

N = 1000, m = 400, ¢ = 04

L_IE

fopram
Marcenks pastur

05 1 15 2 25
Eigenvalues support

15 2 25 15 2 25
Eigenvalues support Eigenvalues support

Eigenvalues support for white Gaussian noise (02 =1, C = ¢21,,) and ¢ = 0.4.
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Key ideas (3

The behavior of the spectral measure brings information about the vast majority of the
eigenvalues but is not affected by some individual eigenvalues behavior (like sources !).
Whatever the perturbations (sources), the spectral measure converges toward Marcenko-Pastur
distribution.

N =100, m—80 c=08 N =1000, m=800, c=0.8

L] mslngmm
—— Marcenko Pastr

3 1 2 3 4 5 6 ) 1 2 3 4 5
Eigenvalues support Eigenvalues support

SCM eigenvalues support for white Gaussian noise (0> = 1, C = 02 1,,) and sources.
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Source Detection with RMT

We consider N observations {yk =Vhu+ nk}k " with [Ju|| = 1. If the power 6 of the
€

<t
source is large enough, then the limit of A | — YYH> is strictly larger than the right edge

N
of the bulk.
e if  <o?,/c, then

N,m— o0

1 a.s. 2
Amax (NYYH> 2% 6% (1+ V)
e if § > 02 /c, then
1 a.s. c 2
Amax (—YY”> W o? (1+0) (1 + 5) > 0% (14 /c)

1
Above the threshold o2 V€, Amax (N YYH> asymptotically separates from the bulk. J
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Source Detection with RMT

P
Generalization: We consider N observations ¢ yx = Z \/G_;u; + nyg with [Ju;|| = 1.
i=1 keE[1,N]

. N « 1
Let {)\1 > > > )\p} be the p-largest eigenvalues of m YvH
e if §; > o2 +/c, then

Q a.s. c 2
Ai N,m——>>oo o? (1+6) <1+9_i> > o’ (1—|—\/E)

N A \2
/\k—02(1+c)—|—\/(02(1+6)—)\k) —4co*

é\ p—
k 202

is a consistent estimator of 6y, k € [1, p].
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Source Detection with RMT

N = 1000, m = 550, ¢ = 055, 0 = [1,3,0,15], X = [3.10,473, 160, 165§ N = 1000, m = 530, = 0.55, 0 = 3,4,7,8), A = [473,5.68,8.62,9.1]
T T T T T T T T T T T

140

\lambda_i

Ovarlez ire Recherche M2R ATSI - 11 janvier 2023




Problem formulation Random Matrix Theory Application of the RMT for Model Order Selection
000000000 00000000000 e000 0000000000000 000000000

MUSIC Problem in large dimension

Let {y,-},.e[1 N] be N observations of size m characterizing the p < m mixed sources corrupted
by additive noise:

P
y;:Zs,-’jmj—l—on,-, iE[l,N],
j=1

which can be rewritten more compactly as:
Y=MS+oN,

where
o Y =[y1,y2,...,yn] € C™*N are the observations,
@ M e C™*P is the mixing matrix containing spectra (steering vector) of the p sources,
e S € CP*N s the channel gain matrix,

o N € C™N is the white Gaussian noise (E [n}'n;] = 1), independent of the source signal.

ONERA
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Subspace estimation

Let M, the orthogonal projector on span(M), the column space of M and I, — N, the
orthogonal projector on span(M)=.

Problem: Consistent estimation of bg (I, = Np,) by, for any deterministic vector by, J

Ex: MUSIC Algorithm

am(0)? (1 — My) am(¢) =0 <= ¢ € {¢1,...,d,} directions of the p sources.

Since C = E [YYH] = Mdiag (61,...,6,) M" + 621, M,, is the orthogonal projector

spanned by the eigenvectors (uy, ..., u,) corresponding to the p-largest eigenvalues of C.
P
Standard Estimator: M, = Z {y G, where (011, ..., 0i,) are the p-eigenvectors corresponding
k=1

1
to the p-largest eigenvalues of NYYH

ONERA
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Subspace estimation )
In large dimension, ﬁm is no longer a good estimator of M,,! Let A= (:\1,3\2, .. .,3\,,,) be
1
the eigenvalues of N YY" and {fiy,...,0,,}, their corresponding eigenvectors.
MUSIC [Mestre 08]:
NG =
n, = #(k) i G is a consistent estimator of M,,, where
k=1
m 5\ A
1+Z A/A_AM: ’ k<m—p
immr1 \ Mk — A Ak — [l
o(k) = N R R
)\i Hi
= Z = — = — |, k>m—p
i=m—p+1 )\k - )\l )\k — M
" = =7
and where fi; < fip < ... < fi, are the eigenvalues of diag(\) — \/X\/X } )

ONERA

ninaire Recherche M2R ATSI - 11 janvier 2023 - Séminaire Recherche M2R



Problem formulation Random Matrix Theory Application of the RMT for Model Order Selection
000000000 0000000000000 0e 0000000000000 000000000

Example

—15
v 7
\ /
\ I
\ /
\ I
\ /
\ /
I
! |
\ /
—20 [ \ ! |
\ "
| ;
| l
|
| o~ !
N I
| SN ;
) ’ \ !
—25 |- N N I 4
\ ! \ !
o Ny
! L N
i \
L i .
i
i
MUSIC iy ——— MusIC
Hy
- -~ G-MusIC v ~30 | - - - G-MUSIC -
-30 L il | I
-10 3537 35 37
angle [deg] angle [deg]

MUSIC against G-MUSIC for DoA detection of p = 3 signal sources, m = 20 sensors, N = 150
samples, SNR:10 dB. Angles of arrival: 10deg, 35deg, and 37 deg (Thanks to [Couillet 11]).
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Outline

© Application of the RMT for Model Order Selection
@ Gaussian case
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Model with correlated Gaussian noise

Let {y"}ie[l,N] be N observations of size m characterizing the p < m mixed sources corrupted

by additive noise:
P

Yi:ZSi,jmj+C1/2“f’ i€ [L N,

j=1
which can be rewritten more compactly as:
Y =MS+CY2N,
where
o Y =[y1,y2,.--,yn] € C™N are the observations,
M € C™*P is the mixing matrix containing spectra of the p sources,

S € CP*N is the channel gain matrix,

N € C™N is the white Gaussian noise (E [n'n;] = 1), independent of the source signal,

C € C™N a Toeplitz Hermitian covariance matrix (Tr(C) = ma?).
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Problems due to the correlation

c=08 p=4p=09 c=08 p=4p=0

N =100, = 80, p = 4, p = 0.9, SNR=[6 9 12 15)dB, 10 runs
T T

» T

N =100, = 80, p =4, p = 0, SNR=[0 9 12 1508, 10 runs
T T T T T T T T

0

-2
log),

SCM eigenvalues support for Gaussian noise and 4 random sources (SNR= [6 9 12 15]dB.
Left): colored noise. Right): white noise.

ATSI - 11 janvier 2023 - Séminaire Recherche M2R ATS . IRV




Problem formulation Random Matrix Theory Application of the RMT for Model Order Selection

000000000 0000000000000 00 O00@000000000000000000

Consistent Estimation for C: Gaussian Case

Proposition: [Terreaux 17]

As m, N — oo such that m/N — ¢ € [0, 0],
1
HT[—YY”] —-C|| =0,
N
1 m
where T[] is the Toeplitz rectification operator: (T[X]); = - ZXk,kJrIi—jl'
k=1

A consistent estimator € of the background noise covariance matrix C characterizing the

A 1
background noise is therefore defined through observations Y as C = T [N YYH} .

We can now whiten the observation Y by C~1/2Y.
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Behavior of whitened data: Gaussian Case
1 —1/2
Let Y, = <T [/v YYHD Y be the whitened data

Proposition: [Terreaux 17, Terreaux 18]

As m, N — oo such that m/N — ¢ € [0, 0|, if Y,, does not contain sources, then:

Hlv"vﬁ_lmNH” 240

| N N
@ Without sources, the spectral distribution of the whitened data covariance matrix of Y,

follows a Marchenko-Pastur distribution (same spectral distribution of unobservable
covariance matrix of N) characterized by its support [(l — ﬁ)2 , (1 + ﬁ)z}

. 2 .
o All eigenvalues greater than (1 + ﬁ) can be considered as sources,

s2m

H
Tm;
@ Detection occurs if SNR = 17121 > /c.
mo
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Some RMT results: Gaussian Case

N =100, m =80, p= 08 V = 1000, m = 800, p = 0.8

PDF
PDF

0 1 2 3 4 5 6 0 1 2 3 4 5 6

Eigenvalues support Eigenvalues support

1 H o+ H|| a-s. H] _
HNYWYW S NNFI 220, E[NN"] =1,

Recherche M.
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Example: Gaussian noise and 4 random sources

c=08, p=4 p=0, 10 runs c=08 p=4 p=0.9, 10 runs

N = 100, = 80, p =4, p= 0, SNR=[6 9 12 1508, 10 rns N = 100,10 = 80, p = 4, p= 0.9, SNR=5 9 12 1508, 10 runs
T T T T T T T

- 1 2 3 4

0
log),

SCM eigenvalues support for Gaussian noise and sources (SNR= [6 9 12 15]dB). Left): white
noise. Right): whitened colored noise .
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Problems in non-Gaussian case

c=08 p=4p=09, r=01 c=08 p=4p=09 r=0.1

=4, p =09, =01, SNR=[§ 9 12 158, 10 rws
T

=4 p =09, =01, SNR=[5 9 12 1508, 10 rus
B T T T

0

2
log),

SCM eigenvalues support for K-distributed noise and sources (SNR= [6 9 12 15]dB). Left):
colored K-distributed noise. Right): whitened colored K-distribution noise.

Recherche M2R ATSI - 11 janvier 2023 - Séminaire Recherche M2R ATSI - /OL'L




Problem formulation Random Matrix Theory Application of the RMT for Model Order Selection

000000000 0000000000000 00 0000000080000 000000000

Model with correlated Non Gaussian noise

Let {y,~},.€[1 N] be N observations of size m characterizing the p < m mixed sources corrupted
by additive noise:

P
yi:Zsi,jmj+\/7Ticl/2ni7 16[17N]7
j=1
which can be rewritten more compactly as:
Y=MS+CY2NTYV?,
where
o Y =[y1,y2,.--,yn] € C™N are the observations,
M € C™*P is the mixing matrix containing spectra of the p sources,

S € CP*N is the channel gain matrix, T is the texture diagonal matrix,

N € C™N is the white Gaussian noise (E [n'n;] = 1), independent of the source signal,

C € C™N a Toeplitz Hermitian covariance matrix (Tr(C) = ma?).
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N =100, m=80,c=08 p=4 N=100, m=80,c=08 p=4

N =100, m =80, p =4, p =0, =03, SNR=[§ 9 12 15]dB, 10 runs
T T T T

N =100, m=80,p=4, p= 0, v=03, SNR=[5 ¢ 12 15/dB, 1 rums
1207 T T T T T T

100~

2 0 2 4 -10 ) E) -4 2 0 2 4

4 P
logh, g,

Eigenvalues support for white K-distributed noise (02 = 1, v = 0.3) and 4 sources (SNR= [6
9 12 15]dB). Left): SCM. Right): Tyler.
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Key idea 2: to whiten the correlated data

c=0.8, v=20.15 p=0.99

N = 1000, m =800, p = 0.99, » =015
T T T

450 T i

a0

350

300

250

200

2

- 0 2 4 &
logh,

5 -+

c=0.8,v=0.15 p=0.99

N = 1000, m =800, p= 099, v = 0.15
T T

300 T T

Tyler eigenvalues support for correlated K-distributed noise (02 = 1). Left): unwhitened
data. Right): whitened data (right).
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Robust Consistent Estimation for C: General case

Let Mpp = Z Hy' y, be the Tyler M-estimator of Y scatter matrix.
i Yi' Mgp > Yi

Proposition: [Terreaux 17]

As m, N — oo such that m/N — ¢ € [0, o],

] -

where T|-] is the Toeplitz rectification operator: (T[X]); = % Zxk,kﬂi—jl'

V.
A consistent estimator € of the background noise covariance matrix C characterizing the
background noise is therefore defined through observations Y as C=T7T |:|\A/|Fpi| )
We can now whiten the observation Y by C~1/2Y.

ONERA
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Behavior of whitened data: General case ,
NN )
Let Y, — (T [MFPD Y be the whitened data and Wep be the Tyler M-estimator of Y, .

Proposition: [Terreaux 17]

As m, N — oo such that m/N — ¢ € [0, 00], if Y,, does not contain sources, then:

« 1
WFP—NNNH 2200,

@ Without sources, the spectral distribution of the whitened data scatter matrix of Y,

follows a Marchenko-Pastur distribution (same spectral distribution of unobservable
covariance matrix of N) characterized by its support [(1 - ﬁ)2 , (1 + ﬁ)ﬂ

_ 2 .
e All eigenvalues greater than (1+ 1/c)” can be considered as sources,
2 H

s2mf'm;
@ Detection occurs if SNR = L2 5 > /c
mo

42/54 J.-P. Ovarlez - Séminaire Recherche M2R ATSI - 11 janvier 2023 - Séminaire Recherche M2R ATS|




Problem formulation
000000000

Some RMT results: Non-Gaussian Case

Random Matrix Theory
0000000000000 00
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0000000000000 e00000000

N =100,m =80, p=08,v=02

16m T T 157 T
144 T
1
.
2
05
0
0 1 2 3 4 5 6 0 3 4 5 6
Eigenvalues support Eigenvalues support
A a.s
Wer — — NNP|| 2250, E[NN"] =1,

Recherche M.

N = 1000, m = 800, p = 08, v =02
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Example

c=08 p=4p=099, vr=015 c=08 p=4, p=0.99, v=0.15

N =100, m =80, p= 099, v =015 N = 1000, 5 = 300, p = 0.99, v = .15
T T T T

T 120 T

-10
log),

Tyler eigenvalues support for colored K-distributed noise and 4 sources (SNR= [3 6 9 10]dB).
Left): N =100, m = 80. Right): N = 1000, m = 800.
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SNR Impact

N =500, m =400, p =4, p =08, v = 0.2, SNR=[3 03 1B N =00, m = 400, p =4, 5= 09, v = 02, SNR=[0 3 6 94
T T T T T T

25 -20 -15 -10 5 0 5 -20 -15 -10 -5 0 5
logh, log;

Tyler eigenvalues support for whitened observations (4 random sources and colored
K-distributed noise). Left): SNR= [-3 0 3 6] dB. Right): SNR= [0 3 6 9]dB.
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Hyperspectral Imaging

Satelte ou ton General Problems
Endmembers :
mm) Estimation of the endmembers
7, _‘m - number
SpedrePur 5 mm) Detection/Estimation of
2 m sources / Anomaly Detection
Longusur donde
mmp Unmixing
Dimension Eau
Specrale
Y — .
Considered Problems
Longueur ¢Onde
==) Estimation of the number
Spectre contenu dans . Vegetation
i oy § of endmembers
senineaton dos 2 L .
endmembers orésents 2 =) Estimation of their spectrum
Images spectrales prises simultanément Longueur dOnde
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Hyperspectral Imaging

With the set of observations Y = [y1,...,yn]

e Estimation of the noise scatter matrix € = 7~ {I\A/I} by Toeplitz rectification on:

o Method 1: Maronna’'s M-estimators [Maronna 76] adapted to data statistic :
N—1
a1 Loonywn—1.\ o H
M = NZU(;W M y,) yiyl.
i=0
m e iyl
o Method 2: Tyler's M-estimator : M = — Hyi—y'
N i Yi M-ly;
A1y —1/2
e Whitening observations: Y,, = (T {MD Y.

@ Thresholding the eigenvalue distribution of the whitened data scatter matrix W:
o Method 1: Threshold depending on the function u(.) and data for Maronna's M-estimator
W,
o Method 2: Threshold independent of data for Tyler's M-estimator W,
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Hyperspectral Imaging

Detection of sources number p

103
}E = @= pmethod 1
T == ) method 2
H P AIC H
-e-p
102 |

SNR (dB)

4 sources, N = 2000, m = 900, {T}iell, N] inverse-gamma
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Hyperspectral Imaging

Detection of sources number p

10% =
=@= p method 1 |
[ === ) method 2 i
L p AlC |
-©=p
102 !

0 | |
10 0 10 20 30

SNR (dB)

Fig 4 sources, N = 2000, m = 900, {7}cq1,n] Student-t
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Problem formulation Random Matrix Theory
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Hyperspectral Imaging

woow @ 4w

Estimation of the number of the most energetic endmembers

Images Indian Pines SalinasA PaviaU Cars
p 16 9 9 6
parc 219 203 102 143
DHysime 19 14 60 19
Method 1 prp 11 9 1 3
Method 2 PryL 13 2 10 13
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500 Tyler whitened
s
400(- «
s
300 ®
2
2
200(-
1
10
100 s
Jand1 Jan02 Jan03 Jan% a5 Jan06 Jan07 JanD% Tand9 Jani0 Janll Jani2 T3 Tnid Jnls Jani6 Jani7 JanlS Janld Mot Fab0f Novos Ao Wayiz Febis Novi7 o

Gty o

o
Nows  Augps Mayiz Feots Mo

Max Variety Ann. Ann. Ratio Max

Portfolios | Return | Volatility | (Ret / Vol) DD
RMT Tyler Whithened | 9,71% 12,9% 0,75 50,41%
SCM 8,51% 13,80% 0,62 55,02%
Benchmark | 4,92% 15,19% 0,32 58,36%
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Outline

@ Conclusions

ONERA
Recherche




Problem formulation Random Matrix Theory

Application of the RMT for Model Order Selection
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Conclusions

This work has extended classical Model Order Selection techniques (AIC, MDL, etc.) for
correlated and non-Gaussian additive noise.

e This extension was efficiently derived using latest results coming from RMT assuming
Toeplitz covariance structure assumption for the noise covariance matrix,

@ This quite simple technique can be easily applied on experimental data (radar, STAP,
MIMO-STAP, SAR, HS, finance).
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